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Paralelni a distribuované algoritmy

4 I
Model
Model je rozhrani,
které oddéluje
aplikaci (high-level) Aplikace
od architektury (low P
level :
evel) Poskytuje
operace
—__ MODEL
PoZzaduje
implementaci
¥V  Architektura
PRL 3
f PRAM )
- Parallel Random Access Machine
e Synchronni model paralelniho vypoctu,
procesory komunikuji sdilenou paméti —
‘s . MOV 1,
e Sklada se z p procesorit RAM ADD 32
CMPJ 1,4, 8
« Procesor
e Aditivni (logické) operace PROCESOR
o [Multiplikativni operace] A
e Podminéné skoky na zakladé porovnani
o [Adresovani] | Y
« Pamét (sada registru) REGISTRY
e Neomezeny pocet n
e [Neomezena délka slova] - neni pfrilis RAM
vhodna, uz se nepouziva
PRL 4
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Paralelni a distribuované algoritmy

e R
PRAM
 Je to alternativni model k paralelnimu Turingovu
stroji
- VSechny RAMy jsou fizeny jednim spoleCnym
programem

Spolecné
fizeni

Spolecna
pamet

PRL 5

- Definice
— PRAM je synchronni model paralelniho vypoctu, ve kterém procesory
komunikuji sdilenou paméti. Sklada se z p procesort P1...Pn, jez jsou
RAM.
— Vypocet probiha po krocich synchronné. Krok:
e Cteni sdilené paméti
o |okalni operace
e zapis do sdilené paméti
— Procesory mohou béhem kroku provadét riizné operace a mohou
pouzivat svUj index (unikatni ¢islo procesoru).

- Teorém
— Kazdy problém, feSitelné PRAMem s p procesory v t krocich je také
feSitelné p’<p procesory v O(t p/p’) krocich.
- Dukaz
— Plvodnich p procesorti je rozdéleno do p’ skupin o velikosti max [ p/p’].
Kazdy z p’ procesor( simulujiciho stroje se stara o jednu skupinu. Pro
simulaci jednoho kroku puvodniho stroje kazdy z p’ procesort simuluje
Cteci fazi procesoru své skupiny, pak lokalni fazi a na konec zapisovou
fazi.
PRL 6
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s A . R
Omezeni pristupu ke sdilené paméti

« Je dovoleno soucasné ¢teni ?
« Je dovoleno soucasné zapisovani ?
- Ctyfi rdzné architektury pfistupu k paméti

» EREW - exclusive read, exclusive write
» ERCW - exclusive read, concurrent write - nema opodstatnéni, nepouziva se
» CREW - concurrent read, exclusive write

» CRCW - concurrent read, concurrent write - splfiuji pouze nékteré architektury, technicky
obtiznéji realizovatelny

- U architektury CRCW je tfeba specifikovat feseni
zapisovych konflikta:
e COMMON - vSechny zapisované hodnoty musi byt shodné
e ARBITRARY - zapisované hodnoty mohou byt r(izné, zapiSe se libovolna z nich
e PRIORITY - procesory maji pevné priority, zapiSe se hodnota, zapisovana procesorem s

nejvyssi prioritou
— Relace A > B - algoritmus, ktery bézi na architekture B, bézi beze zmén i
na A. ( A je stejné tolerantni nebo tolerantné&jsi k zapisovym konfliktiim)
- Pak plati:
— PRIORITY > ARBITRARY > COMMON > CREW PRAM > EREW PRAM

PRL 7

DALSiI ALGORITMY

PRL 8
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[ Broadcast A

« Hodnota, uloZzena v paméti, ma byt rozSifena mezi N
procesory
e pro CREW a CRCW PRAM je trivialni feSeni v konstantnim Case
e pro EREW je tfeba simulovat sou¢asné ¢teni
- Funkce
— P1 precte D a zpfistupni jej P2.
— P1 a P2 jej zpfistupni paralelné P3 a P4.
— P1, P2, P3 a P4 jej zpfistupni paralelné P5, P6, P7 a P8..

Algoritmus

D - hodnota, kterd se m& rozs$irit mezi N procesory
A[l..N] - pole ve sdilené paméti o délce N
procedure BROADCAST (D, N, A)

(1) A[1l] = D;

(2) for i = 0 to (log N-1) do
for j = 211 to 2i*2-1 do in parallel

A[j] = A[j-2%]
£
endfoe:d o
4 N
R L L
[ ] ™M X X
@ e e ]
] ] X X X
i | Z{T ]
n N N B
u n 0 H®~—
(a) (b) (© (d)
Analyza
SEQ t(n) = O(n)
EREW t(n) = O(log n)
CREW, CRCW t(n) = O(c)
PRL 10
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4 . . N
Suma prefixu

o All-prefix-sums, allsums, scan

« Jeden ze zakladnich kamenU stavby paralelnich
algoritm
- Definice

— Suma prefix{ je operace, jejimz vstupem je binarni asociativni operator
@ a usporadana posloupnost prvki
[ag, @4y -y @pql

a ktera vraci posloupnost
[ag, (g @ ay), ..., (@g @ a; ® ... ® a,4)]

- Napf. jestlize je operator @ scitani a vstupni posloupnost
3170416 3]

- pak vysledek sumy prefixu je
3411111516 22 25].

PRL 11

4 . N
Suma prefixu

- Neéktera pouziti:

¢ Vyhodnocovani polynomi

e Sgitani binarnich ¢isel v hardware

e Lexikalni porovnavani fetézcl

e Lexikalni analyza

e Implementace radix-sortu, quick-sortu

e Ruseni oznacenych prvkd v poli

e Vyhledavani regularnich vyrazu (grep)

¢ Implementace nékterych stromovych operaci

e Oznacovani komponent ve dvourozmérnych obrazcich
o Neékteré jiné nazvy

e V knihovné MPI: MPI_scan

e V programu MATLAB: y=cumsum(x) oo/t ncheiesan . Erolisine sean

MPI MPI_Scan MPI_Exscan

seanl

std: :inclusive_scan|std: : exclusive_scan
Scala scan

PRL Rust scan
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Paralelni a distribuované algoritmy

e ™
Lze pouzit jakykoli asociativni operator ¢

Asociativita:

(asb)ac = ap(bac)

Sum (+) Konkatenace
Pl‘Oduct (*) AND € VStup. Retézce
MaX OR “V”
Vstup: ¢isla Vstup: Bity Vstup: Matice
(Boolean)
PRL 1
4 N

Sekvencni reseni

Sekvencni algoritmus
procedure allsums (Out, In)
i=0

sum = In[0]

while i<length do

i = i+l

sum = sum + In[i]

OQut[i] = sum
endwhile

. Casova slozitost je t(n) = O(n)

PRL 14

© Petr Hanadek Umisténitohoto dokumentu na jakykoli (i nevefejny) server je
zakazano.



Paralelni a distribuované algoritmy

4 N
Scan, prescan, reduce

— Operace scan je suma prefixt

- Definice
— Operace prescan ma jako vstup binarni asociativni operator &,
neutralni prvek | a vektor
[ag, ..., a,.1] a vraci vektor
[I, a9, (Bg® ay), ..., (@@ a; @ ... ®a,,)l

- Definice
— Operace reduce ma stejny vstup jak scan a vraci hodnotu a, @ a,
@ ... ®a,,

SCAN, ALLSUMS
I, a0, a0 @al, ........ ,a0@al@® ...0Qan-2, a0@al@® .. an-1

PRESCAN REDUCE

PRL

Paralelni suma prefixti - Reduce

 Reduce

e Reduce muze byt spoctena pomoci stromu procesort, za
predpokladu, Ze @ je asociativni (nemusi byt komutativni)

Algoritmus
for j = 0 to logn - 1 do
for i = 0 ton - 1 step 27*' do in parallel
a[i+23t1-1] = a[i + 23 -1] ©ali + 23* - 1]
end for
end for

PRL
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b
/ /N /N
3] [1] [7] [o] [4] [1] [e] [3]

(a) Executing a +-reduce on a tree.

for d from 0 to (lgn)—1
in parallel for i from 0 to n—1 by 24t
ai+ 29 — 1] e—afi + 29— 1] + a[i + 2971 — 1]

Step Vector in Memory

0 (] [©] ERE)
1 (3 @ 7 4 6 [9]]
2 [3 4 7 4 5 6 [14]]
3 [3 4 7 11 4 5 6 [25]]

PK {b) Executing a +-reduce on a PRAM. -
4 N
Reduce

- Diskuse
— strom ma vysku log n, pro kazdy par prvku je nutny 1 procesor
— t(n)=0O(log n) c(n) = O(n.log n)
- p(n)=n/2 — coz neni optimalni

- mame-li méné procesoru N<n, kazdy procesor
provede sekvencni reduce pro svuj kousek
posloupnosti o délce n/N a vysledky se zpracuji
pomoci reduce

PRL 18
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4 I
+-reduce pron>p
- Algoritmus
for each processor i do in parallel
sum[i] = a[(n/N).1i]
for § = 1 to n/N do
sum[i] = sum[i] + al[(n/N).i + j]
result = +-reduce (sum)
. 1 9 5
[4 T 1 o 5 2 6 4 8 ]
processor 0  processor 1  processor 2  processor 3
Processor Sums = [12 T 18 15]
Total Sum = 52
Pak
— t(n)=[n/NT+[log NT= O(n/N + log N)
— je-lilog N < n/N, pak
t(n) = O(n/N) a
c(n) = O(n/N).N = O(n) — €0z je optimalni
PRL 19
4 N

Prescan a scan

Uvedeme prescan, scan se ziska posunem doleva, pfidanim reduce

Algoritmus

— (i) UpSweep algoritmus totozny s reduce, ale kazdy uzel si pamatuje

mezisoucet

— (ii) DownSweep
» kofenu se priradi neutralni prvek |
nyni se provadi log n krokl (kaZda droveri jednou), pocinaje kofenem, smérem k listim a

v kazdém kroku procesory v té urovni pracuji paralelné:
uzel da svému P synovi svoji hodnotu @ hodnotu L-syna a L-synovi da svoji hodnotu

Up Sweep Down Sweep

+prescan
na stromu

prescan[L[v]] = prescan[v]

sum[v] = sum[L[v]]+sum[R[v]]
prescan[R[v]] = sum[L[v]] + prescan[v]

20

PRL

© Petr Hanacek

Umisténi tohoto dokumentu na jakykoli (i neverejny) server je
zakazano.

10
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e
+-prescan na architekture PRAM
Procedure down-sweep (a)
aln-1] =0
for d = (log n) - 1 downto 0 do
for i = 0 to n-1 step 24! do in parallel
t =afi + 2¢ - 1]
ali + 29 = 1] = a[i + 291 - 1] //left child = parent
afi + 2% - 1] =t + a[i + 29! - 1]//right child = parent+right
end for
end for
Step Vector in Memory
0 (3] 9] € Bl
wp 1 (3 7 4 I 1)
2 (3 4 7 4 5 6  [14])
3 [3 4 7 11 4 5 6  [25])
clear 4 (3 4 7 1 4 5 6 [0
down 5 [3 4 7 [0 4 5 6  [11]]
6 (3 [ 7 1 6 [
7 q 2]
PRL 21
4 N

- Teorém: po dokonceni downsweep obsahuje kazdy uzel
sumu hodnot vSech listl, jez ho pfedchazeji

- Dukaz indukci:
e Kkofen nepfedchazeji Zadné listy, takZe jeho spravna hodnota je neutralni
prvek
e L-syn je pfedchazen tymiz uzly, jako samotny uzel (A), za prfedpokladu,
Ze otec ma spravnou hodnotu, staci ji pfedat L-synovi

0

e pravy syn je pfedchazen

listy A, B, proto jeho hodnota y
je hodnota otce @ hodnota LIV] R[V]
levého syna
A B
PRL 22
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e N
- Analyza
- SloZitost je stejna, jako u reduce
- ZlepSeni ceny:
— t(n) = O(n/N)
— ¢(n) = O(n), za pfedpokladu, ze log N < n/N —> cozZ je
optimalni
PRL 23
e N

PRL

Suma prefixd na mfizce

. Zpracuje n prvka v Vn krocich

24

© Petr Hanacek
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e ™
Suma prefixi na hyperkostce

- Zpracuje n prvku v log n krocich

PRL 25

Suma prefixi na AVX

Circuit representation of a highly parallel 16-input parallel prefix sum

fori < 0to [logyn] —1do
for j + 0 ton — 1 do in parallel
if j < 2' then

zit (—:.:;

7 N +)\+

else
it ot 42t
J aJ ¥

RS

[
=4

_m128i x = _mm_set_epi8(3,1,7,0,4,1,6,3,3,1,7,0,4,1,6,3);
= _mm_add_epi8(x, _mm_srli_si128(x, 1));
= _mm_add_epi8(x, _mm_srli_sil128(x, 2));
= _mm_add_epi8(x, _mm_srli_sil128(x, 4));

x
x
x
x = _mm_add_epi8(x, _mm_srli_si128(x, 8));

R
Y Credits: https://www.wikiwand.com/en/Prefix_sum
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@lymma/m2sé | | ]
returns, i

PRL

4 I
Packing problem
Mame k vstupnich polozek, rozml’sténych v polion
pozicich, k<n T
Cilem je vytvofit vystupni - A ‘y
pole, kde polozky zaujimaji T T T T
prvnich k pozic — ]
Algoritmus
— Spocteme pole binarnich pfiznaku, 1-polozka existuje, 0-neexistuje
— Spocteme +-scan tohoto pole
— Presuneme poloZky na spravné pozice
77 T O /¢ /i {7/ R 7/ R R 7
1004141 040041 Flags
dA41233 444 b +scanlFlags)
L T T
‘7724 3 ,/r
PRL 27
4 . N
Packing problem — AVX
- Instrukce
- VCOMPRESSPS ymm1/m256{k1}{z}, ymm2
Wigee | - [owswew] + | = [ o |

28
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4 )

Viditelnost

. Problém

— Je dana matice terénu ve formé matice nadmorskych vysek a
pozorovaci bod X(misto pozorovatele), zjistéte, které body podél
paprsku vychazejiciho z mista X jsou viditelné

- Reseni

Bod je viditelny, pokud Zadny bod mezi pozorovatelem a jim
nema vétsi vertikalni uhel.

(i) vytvofi se vektor vySek bodl podél pozorovaciho paprsku
(ii) vektor vySek se prepocita na vektor uhlu

(iii) pomoci max_prescan se spocte vektor maximalnich uhld

pro zjisténi viditelnosti bodu staci ur€it jeho Uhel a porovnat s
maximem.

- Analyza
— t(n) = O(n/N + log N) na EREW PRAM

PRL 29

600 —_ —
— — 7
100 —
Altitude Vector
Angle Vector
Max=Scan of Angle Vector
Altitude Map Ray Vectors
procedure LINE OF SIGHT
for each index i do in parallel
angle[i] = arctan ((alt[i] - alt[0]) /i)
max prev angle = max prescan(angle)
for each index i do in parallel
if (angle[i] > max prev angle[i]) then result[i] = visible
else result[i] = unvisible endif
endfor

© Petr Hanadek Umisténitohoto dokumentu na jakykoli (i nevefejny) server je
zakazano.
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~
[ Carry Look Ahead Parallel Binary Adder

Vstup: Dvé n-bitova binarni Cisla X = x,_1..X; @

Y = Yn1-Yo

Cil: Spoéitat Z = z 4.z, = X + Y pomoci log n kroku
Musime predvypocitat vSechny bity pfenosu c,_,..c,
abychom mohli pfimo spocitat z, = x; + y; + ¢; 1=0..n-1

Xo Yo Co/cin
X1 Yo X4

s

P,

‘K <
c
Cout/c, 2
Siq S1 So
PRL 3

[ Carry Look Ahead Parallel Binary Adder )

- Algoritmus:
— Spocteme pole D =d, _4...dy kde d; e{propagate, stop, generate}
- for i=0 to n-1 do in parallel
if (x;=1) and (y;=1) then d; = g
else if (x;=0) and (y;=0) then d; = s
else d; = p
endfor

— Spocteme ®-scan pole D a tim dostaneme vS§echny bity pfenosu
v logaritmickém Case

f 7 £ & 4— 7 _/ 4 Vi bit: wumbers
f 011 X

s p g =
s|ls s s 10400010 )
. , v 49¢ p s a biz) D
pls p g rrangs 9r ini bz
: d~
919 9 g 9 9 3 .L.- 'l\/ }“ o-sean (D)
,14”Q“3 00 1 0 ¢ '
PRL ' 0O 0014 0 A 7
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e - .. R
Funkce ® (nékdy znacena ¢)
g Block B .
- p=p andp” <=5
1] 0
+ g=g’or(g andp”) L I
- Prenos je generovan pokud:
— Levy blok generuje gl |p gl |p
— Pravy blok generuje a levy propaguje

gup

< Block B >
PRL 33
4 . N
Radix sort
- Bitovy radix sort (radix = 2)

— V kazdém kroku se bere v uvahu 1 bit kli¢e a pomoci operace
split se prvky s nulovym bitem pfemisti na zaatek fazeného pole
fazenych Cisel a s jednic¢kovym bitem na konec

A = [ 7 3 1 4 2 7 2
A{0) = 1 ///1/ 0 1 0
A« split(A, A(0)) = (4 2 25 7 3 1 7
A1) = [0 1 1 0 1 1 0 1]
A — split(A, A1) = [4 5 2 2 7 3 7
A{2) 1 1 0 0o 0o 1 0 1]
A — split(A, A{2)) = 1 2 2 3 4 5 7 7

procedure SPLIT RADIX SORT (A, number of bits)

for i = 0 to (number of bits - 1) do

A = split (A, A<i>)
PRL 34
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- ™
Radix sort - Operace split

Jak udélat split? - sekvencni slozitost je O(n)

Idea

— pro kazdy prvek uréime spravnou pozici a v konstantnim ¢ase
premistime (EREW)

Postup

e pro prvky s nulovym bitem se jejich pozice ziska provedenim @ - prescan na
invertované pole bitd

e pro prvky s jedni¢kovym bitem provedu @ scan na reverzované pole bitu (tj.
od konce) a vysledek se odecte od n.

Analyza

e split ma stejnou sloZitost jako scan

Radix sort:
e t(n)=0(n/N +log N).O(log n) = O(n/N.log n + log n . log N)

PRL 35

4 . N
Operace split

procedure split(A, Flags)
I-down = +-prescan(not(Flags))
I-up = n - +-scan(reverse-order(Flags))
fori=0 to n-1 do in parallel
if (Flags[i]) Index[i] = I-up]i]
else Index[i] = I-down[i] endif

endfor

result = permute (A, Index)

A = [5 7 3 4 2 7 2]
Flags = |1 1 1 0o 0 1 0]
I-down = [0 0 o0 o0 [0 2 [2]]
T-up = 6 7 7 8]
Index = [3 4 5 6 0 1 7 2]
permute(A, Index) = [4 2 2 5 7 3 1 7]

PRL 36
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e . ™
Segmentovany scan

- Definice

— Segmentovana suma prefixl je operace, jejimz vstupem je
binarni asociativni operator ®, uspofadana posloupnost prvku
[ag, @4, «vvy A4l
usporadana posloupnost pfiznak
[fos F1s <oy Tl

a ktera vraci posloupnost
[Sg) S4s «+es Sl

kde v posloupnosti s jsou sumy prefixt pres jednotlivé segmenty,
kde hranice segmentu je dana hodnotou 1 v poli pfiznaku f

- Priklad :
- a =[5134 3 9 2 6]
- f =[1 010 0 010]

— Segmented +_SCAN
— segmented max_SCAN

[5 6 37 10 19 2 8]
[5 534 4 9 2 6]

PRL 37

Quicksort

- Jeden z prvkl se vybere jako pivot (median, nahodné, prvni), prvky
se rozdéli do 3 skupin (mensi, rovné, vétsi nez pivot) a pro kazdou
skupinu se rekurzivné vola quicksort

- PouzZije se segmentovany scan a kazda skupina bude ve svém
vlastnim segmentu

- Algoritmus

— (1) zkontroluj, zda uz prvky nejsou sefazené. Kazdy procesor se podiva, zda
predchozi procesor ma mensi, nebo stejnou hodnotu. S vysledky se provede and-
reduce
(2) v kazdém segmentu najdi pivot a prede;j jej ostatnim procesorim v segmentu.
Vybira-li se jako pivot 1. prvek, |Ize pouzit segmented-copy-scan, kde binarni
operator copy vraci 1. ze svych 2 parametr(:

+ a< copy(a,b)
» To ma za nasledek rozsifeni pivota v celém segmentu (Ize také pivota vybirat jinak)

— (3) v kazdém segmentu porovnej prvky s pivotem a rozdél segment na 3 ¢asti (=,
<, >). Po rozdéleni se pouzije modifikovany split z radix-sortu.

(4) v ramci kazdého segmentu vloz dodate¢né pfiznaky, které rozdéli segment na
3 segmenty. Kazdy procesor se podiva na predchozi prvek a pozna, zda je na
zaCatku segmentu.

(5) jdi na krok (1)
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Paralelni a distribuované algoritmy

PRL

KONEC

4 I
Kig 64 9,2 3,4 1,6 8,7 4,1 9,2 3,4
flags 1 0 0 0 0 0 0 0
Pivots 6,4 6,4 6,4 6,4 6,4 6,4 6,4 6,4
F == > < < > < > <
split 3,4 1,6 41 3,4 6,4 9,2 8,7 9,2
flags 1 0 0 0 1 1 0 0
pivots 3,4 3,4 3,4 3,4 6,4 9,2 9,2 9,2
- Analyza
— Kazda iterace ma konstantni pocet operaci scan
— Pfi vhodné volbé pivott skonéi algoritmus po O(log n) krocich,
takze slozitost je:
— 1(n) =0O(n/N + log N).O(log n) = O(n/N.log n + log N. log n)
— ¢(n)=0(n.log N + N. log n. log N)
— pro dostateéné malé N optimalni
PRL 39
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2 Chapter 21.  The Complexity of Computation on the PRAM

This chapter discusses the Parallel Random Access Machine (PRAM), various
parameters of this model, under what circumstances these parameters affect
its computational power, and how they do so. It also surveys techniques that
have been used to obtain lower bounds for specific problems on PRAMs.

21.1
The PRAM Model

The PRAM is a synchronous model of parallel computation in which
processors communicate via a shared memory. It consists of m shared memory
cells My,..., My, and p processors Pi,..., P,. Each processor is a random
access machine (RAM) with a private local memory. During every step of a
computation, a processor may read from one shared memory cell, perform a
local operation, and write to one shared memory cell. Different processors
may execute different operations during a step and may make reference to
their own index. Reads, local operations, and writes are viewed as occurring
during three separate phases. This simplifies analysis and only changes the
running time of an algorithm by a constant factor.

An input x consists of n values zq,...,2,. At the beginning of the
computation, these values are located in shared memory cells My, ..., M,,
respectively, provided n < m. If there are n’ < m output values, they appear
in the first n’ shared memory cells at the end of the computation When
the number of shared memory cells is too small, the input values can be
distributed approximately equally among the processors. Another possibility
is to have a separate, read-only memory containing the input values [VW85,
LY89, FLRY&9]. In this case, each processor is also allowed to read from one
of the n read-only memory cells during each computation step.

EXERCISE 21.1

Explain why it doesn’t matter whether the input is initially located in
the shared memory, the processors’ local memories, or a separate read-
only memory, provided the amount of shared memory is large enough to
contain the input (i.e. m > n).

If the amount of shared memory m is small, then where the input is
located 1s more important. For example, determining whether the input con-
tains two consecutive variables with value 1 requires Q(n/m) steps when the
input is distributed among the processors’ local memories (Exercise 21.43).
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However, when the input is in a separate read-only memory, this computation
can be done significantly faster (Exercise 21.9).

Limiting the amount of shared memory in a PRAM corresponds to re-
stricting the amount of information that can be communicated between pro-
cessors in one step. For example, a set of processors connected to one another
by a single bus may be viewed as a PRAM with one shared memory cell.

THEOREM 21.1

Any problem that can be solved by a PRAM using p processors int steps
can also be solved using p’ < p processors in O(tp/p') steps.

PROOF

The original p processors are partitioned into p’ groups of size at most
[p/p']. Each of the p’ processors in the simulating machine is associated
with one of these groups. To simulate one step of the original computa-
tion, each of the p’ processors sequentially simulates the read and local
computation phases performed by all the processors in its group and
then sequentially simulates their write phases. .

EXERCISE 21.2

[ACF90] Give an example of a problem that can be solved in one step on
a PRAM with p processors, but requires 2[p/p’] — 1 steps on a PRAM
with p’ processors for 1 < p’ < p.

EXERCISE 21.3

Prove that any problem that can be solved by a PRAM using m shared
memory cells and p processors in ¢ steps can also be solved using m’ < m
shared memory cells and max{p, m'} processors in O(tm/m') steps.

EXERCISE 214

[Goo89] A forking PRAM is a PRAM in which a new processor is created
when an existing processor executes a fork operation. In addition to
creating the new processor, this operation specifies the task that the
new processor is to perform (starting at the next time step). Initially
there is one processor.

Prove that if a forking PRAM algorithm uses ¢ steps and p processors,
then this algorithm can be implemented on a PRAM using O(t logp)
steps and O(p/logp) processors. Explain explicitly how work is allo-
cated to the PRAM processors.
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One consequence of Theorem 21.1 1s that the processor-time product
p -t of any algorithm solving a problem is at least a constant factor times
the sequential time complexity of the problem. Thus, a lower bound on the
sequential time complexity gives a lower bound on the number of processors
needed for a PRAM to solve the problem in a given amount of time, as well
as a lower bound on the amount of time needed for a PRAM to solve the
problem using a given number of processors.

A PRAM algorithm is optimal if it is not possible to simultaneously
improve both the time and the number of processors by more than a constant
factor. If a PRAM algorithm solves a problem in ¢ steps using p processors,
where p -t is within a constant factor of the sequential time complexity of
the problem, then it is called efficient [KRS90]. All efficient algorithms are
optimal, but not all optimal algorithms are efficient. For many problems, it
is interesting and important to find the fastest possible efficient algorithm.

Some people call a parallel algorithm optimal if its processor-time prod-
uct is within a constant factor of the running time of the fastest known se-
quential algorithm solving the same problem. Unless there is a matching
sequential lower bound for the problem, difficulties may arise with this def-
inition. Specifically, if a faster sequential algorithm is found, suddenly, the
parallel algorithm is no longer optimal. Furthermore, this definition of opti-
mality may preclude calling an algorithm optimal even when it is provably
impossible to simultaneously improve both the time and the number of pro-
cessors. For example, PARITY has linear sequential time complexity, but an
exponential number of processors are required by any PRAM that computes
it in constant time (Theorem 21.33).

The PRAM is a natural generalization of the unit cost RAM [CR73,
AHUT4], a commonly used model of sequential computation. Numerous par-
allel algorithms have been designed for the PRAM because it is a simple,
precise model in which parallel algorithms can be expressed using a high level
language. The PRAM often corresponds to the programmer’s view of par-
allel computation, ignoring lower level architectural details such as memory
organization, routing, memory contention, and synchronization. In essence,
PRAM programmers do not have to be concerned with how communication
is accomplished, but only what is to be communicated where. PRAMs can be
simulated by more realistic models [MV84, UWS87, Ran87, AHMP87, HP89]
and some real parallel computers [Sch80, Smi90]. Thus, programs written for
the PRAM can be compiled into programs for these machines. Although some
of the assumptions (such as constant time access to shared memory) are not
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generally valid, the performance of algorithms on the PRAM can be a good
predictor of their relative performance on real machines, especially as prob-
lem sizes get large. Furthermore, because the PRAM is a powerful model, the
lower bounds obtained for it are automatically applicable to a wide variety of
less powerful, more realistic machines.

21.2
Restrictions on Access to Shared Memory

An important parameter of the PRAM model is the extent to which
concurrent access to shared memory cells is allowed. If at most one processor
can read from a single memory cell at a particular step and at most one pro-
cessor can write to a single memory cell at a particular step, then the PRAM
is called exclusive read exclusive write (EREW) [LPV81]. In a concurrent
read exclusive write (CREW) PRAM [FW78], any number of processors can
simultaneously read from the same memory cell, but at most one processor
can write to each memory cell at a given step. Many algorithms designed for
CREW and EREW PRAMs avoid write conflicts by having each processor
own one cell to which all its writes are performed. These restricted models
are called the concurrent-read owner-write (CROW) PRAM [DRS86] and the
exclusive-read owner-write (EROW) PRAM [FW90], respectively.

When concurrent writes are allowed, it 1s necessary to specify how con-
flicts are resolved. Three of the most frequently used concurrent read concur-
rent write (CRCW) PRAMs are considered here. A number of others are dis-
cussed in the literature. (For example, see [FRW88a, GR90, EG88, HR90].)
The COMMON model [Kuc82] requires that all processors simultaneously
writing to the same memory cell write a common value. On the ARBITRARY
model [Vis83], an arbitrary one of the values written to a memory cell at a
given step will appear in the cell. Any algorithm for this model must work
regardless of which value is chosen (say, by an adversary) to resolve each write
conflict that arises. In the PRIORITY model [Gol82], processors are assigned
fixed, distinct priorities. The processor of highest priority among those that
simultaneously write to a memory cell succeeds. Without loss of generality,
we assume that lower indexed processors have higher priority.

Any algorithm that runs on ARBITRARY will run unchanged on PRI-
ORITY. Thus PRIORITY is at least as powerful as ARBITRARY. Similarly,
ARBITRARY is at least as powerful as COMMON, COMMON is at least as
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powerful as the CREW PRAM, and the CREW PRAM is at least as powerful
as the EREW PRAM. Diagrammatically,

PRIORITY > ARBITRARY > COMMON > CREW PRAM > EREW PRAM.

It is important to understand the relationships between these models.
Specifically, are some of these models strictly more powerful than others?
Can additional resources compensate for restricted access to shared memory?
Tradeoffs can help a computer architect choose among a number of design
alternatives or help a programmer compare algorithms written on different
models. A step by step simulation of a more powerful model by a less powerful
model is particularly useful because it allows the straightforward transforma-
tion of algorithms designed for the former into algorithms that can run on the
latter.

TABLE 21.1

Relationships Between PRAM Models

The fourth column contains bounds on the amount of time for the simulating
model using the indicated number of processors to simulate one step of the
original model with p processors. For the last three rows, the input is initially
distributed among the processors’ local memories and both the original and
simulating models have m shared memory cells.

Original Simulating Number of Amount of Ref.
Model Model Processors Time eterence
ARBITRARY  PREWPRAM Olosr)  Thmo14
CREW PRAM =P &P m 2L
COMMON Thm 21.23
PRIORITY COMMON kp o (kl losp Thm 21.7
ARBITRARY (log log p—log p) Ex 21.13
PRIORITY ARBITRARY kp 0 (f—g’?i—ﬁ%) Ex 21.14
CREW PRAM EREW PRAM >1 Q(vlog p/ loglogp) Ex 21.39
il;\g)l?gAYRY EREW PRAM S bt m? O(p/m) Ex 21.7
CREW PRAM =7 P Ex 21.44
COMMON
PRIORITY COMMON p Qlog(p/m)) Thm 21.42
ARBITRARY
PRIORITY ARBITRARY p Q(log(p/m)) Ex 21.41

Table 21.1 summarizes some of the known relationships between the

PRAM models discussed above. The remainder of this section discusses these
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and related results and the conditions under which they apply. Some of the
lower bounds are presented in Section 4.

The first simulation is quite simple. Moreover, it contains ideas that are
used in other simulations in this section.

THEOREM 21.2  [FRWS8a]

One step of PRIORITY with p processors and m shared memory cells
can be simulated by an EREW PRAM in O(logp) steps with p processors
and mp shared memory cells.

PROOF

Each PRIORITY processor is simulated by a corresponding EREW
PRAM processor. For each original shared memory cell in PRIOR-
ITY, the EREW PRAM will have p shared memory cells. One of these
will contain the same sequence of values as the original cell. The other
p— 1 cells are assumed to be initialized to 0 and will be used to resolve
conflicting accesses to the cell.

To simulate the write phase, each processor must know whether it is the
leftmost processor (i.e. the processor of lowest index) wishing to write
into some cell and, if so, it can perform the write. This leads to the
definition of the following problem.

LEFTMOST WRITERS

Each processor P; has a value in the range {0,...,m} in its
local memory, denoting the shared memory cell that P; wants
to access. The value 0 indicates that P; does not want to
access any cell. Each processor P; must determine whether it
is the leftmost processor among those with the same nonzero
value.

One way to solve this problem is to solve m simultaneous instances of
the following problem, one for each of the original shared memory cells.

LEFTMOST PRISONER

Each processor has a bit, known only to itself, which is 1 if
the processor wants to access the given memory cell. Each
processor with value 1 must determine whether it is the left-
most processor with value 1. Only processors with value 1 can
participate in the computation.
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The name of this problem comes from imagining the processors to be
prisoners who cooperate with one another to determine the lowest num-
bered occupied prison cell. Note that all m instances can be solved
simultaneously because every processor participates in at most one com-
putation.

The additional p— 1 memory cells associated with each original memory
cell are used to solve its LEFTMOST PRISONER problem. They are
viewed as representing the internal nodes of a binary tree with p leaves
(one corresponding to each processor) and depth [log, p].

All processors with value 1 are considered to be initially located at the
corresponding leaves of the tree. The internal nodes of the tree are
processed one level at a time, starting from the bottom. Each processor
located at the right child of a node in the current level reads the value
stored at the left child. When this value is 0, there is no processor located
at the node’s left child. In this case, the processor proceeds to the node
and writes the value 1 there. Simultaneously, each processor located at
the left child of a node in the current level proceeds to the node and
writes the value 1 there. The processor that reaches the root of the tree
is the leftmost processor that wants to access the given shared memory
cell. Hence, it can perform the write to the cell. (An example appears
in Figure 21.1.) Finally, processors retrace their steps back down the
tree, erasing the values they have written at the nodes.

To simulate the read phase, it is sufficient to choose one processor to read
each desired memory cell and distribute its contents to all interested pro-
cessors. This can also be accomplished by performing the LEFTMOST
PRISONER algorithm and having the processor that reaches the root
read the given shared memory cell. As the processors go back down the
tree, this value is written at each internal node that a processor reaches
and 1s then erased. A processor waiting at a node can read the value
from its parent at the appropriate time. .

A simplified version of this algorithm can be performed on COMMON

without using more shared memory than the original machine.

EXERCISE 21.5

[FRW88a] Prove that one step of PRIORITY with p processors and m
shared memory cells can be simulated by COMMON in O(logp) steps
with p processors and m shared memory cells.
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FIGURE 21.1

An example illustrating the processors going up the tree in the LEFTMOST PRIS-
ONER algorithm in the proof of Theorem 21.2. Here processors Pi, Ps, and Py
want to access the shared memory cell and processors Pi, P>, P; and Ps do not.
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The following simulation is more complicated than the simulation in
Theorem 21.2, but uses fewer shared memory cells. When m € Q(p), Exercise
21.3 and Theorem 21.1 can be applied to this result to show that no additional
processors or shared memory cells are needed for simulating PRIORITY by
an EREW PRAM in O(logp) steps.

THEOREM 21.3  [Eck79, Vis83, NS&1]

One step of PRIORITY with p processors and m shared memory cells
can be simulated by an EREW PRAM in O(logp) steps with p processors
and m + p shared memory cells.

PROOF

As in the proof of Theorem 21.2, each original shared memory cell has
a corresponding shared memory cell in the EREW PRAM and the local
operations of each original processor are performed by a corresponding
processor in the EREW PRAM. An auxiliary array A of size p is also
used.

At a given read or write phase in the PRIORITY algorithm, if processor
P; wants to access cell M;, it writes the pair (j,7) to memory cell A;. If
P; doesn’t want to access any shared memory cell, it writes (0,¢) to A;.
Notice that each of the indices 1,...,p occurs as the second component
of exactly one element of A. For example, if P; wants to access cell Ms,
P> wants to access cell My, P;s wants to access cell My, Py, wants to
access cell My, Ps wants to access cell My, Ps wants to access cell Mo,
and P7; does not want to access any cell, the array A would have the
following contents.

(@) [(@2) [e3) (04 (@5 (@6 [0 ]

The array A is then sorted into lexicographic order. This takes O(logp)
steps on an EREW PRAM with p processors. (See Chapter 12.)

[OD [0 ) (3 06 [y [ ]

Next, each processor P; appends a bit to the contents of cell A;. This
bit is 0 when the first component of A; is either 0 or the same as the
first component of A;_1; otherwise this bit is 1. Observe that processor
P; is the highest priority processor wishing to access cell M; if the triple
(4,4, 1) appears in the array A.

10,700 | 14D | 2,1,1) [ (2,3,0) | (2,6,0) [ (4,2,1) | (4,5,0) |
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In the example, P4 1s the highest priority processor that wants to access
My, Py 1s the highest priority processor that wants to access My, and
Ps is the highest priority processor that wants to access M.

From this point, it is easy to finish the simulation of a write phase. First,
each processor Py reads the triple (j,4,6) in Ay and writes this triple
into A;. Then processor P; reads the triple (j,¢,b) from A;. If the bit b
has value 1, then P; is the highest priority processor that wants to write
to Mj;, so it can perform its write.

| 2,01 | (42,1) | (23,0 | (141) | (45,0 | (2,6,0) | (0,7,0) |

In this case, P; writes to cell M5, Py writes to cell My, and P, writes to
cell M.

Once the appropriate bit has been appended to the contents of each cell
of A, a read phase can be simulated as follows. Each processor Pj reads
the triple (j,¢,6) in Ag. If the bit b has value 1, then Py reads shared
memory cell M; and overwrites the third component of A;, with the value
v; it read. These values are then duplicated as appropriate. Specifically,
for I = [logyp], ..., 1, processor Pj overwrites the third component of
Agyo1-1 with the third component of Ay, provided they have the same
first components. Here are the successive contents of the array in the
example.

1 (0,7,0) | (1L4v)] (2,1,12)] (2,3,0) | (2,6,0) | (4,2,v4)] (4,5,0) |

| (0,7,0) | (1L4v)] (2,1,v2)] (2,3,v2)] (2,6,0) | (4,2,v4)] (4.,5,v4)]

1 (0,7,0) | (1L4v1)] (2,1,v2)] (2,3,v2)] (2,6,02)] (4,2,v4)] (4.,5,v4)]

Finally, each processor Py reads the triple (j,4,6) in A and writes it
into A;.

| (2,Lv9)] (4,2,04)] (2,3,02)] (LA4,v1)] (4,5,04)] (2,6,02)] (0,7,0) |

Now processor P; can read the value it needs from A;. "

Concurrent write PRAMs with p processors cannot, in general, be sim-
ulated by exclusive write PRAMs without an Q(logp) factor increase in time,
even with an infinite number of processors and shared memory cells. This is
because the OR of n Boolean variables can be computed in one step on COM-
MON with n processors and one shared memory cell, but requires Q(logn)
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steps on a CREW PRAM with an infinite number of processors and shared
memory cells. (See Theorem 21.23.)

EXERCISE 21.6

Prove that the OR of n Boolean variables can be computed in O(logn)
steps on an EROW PRAM with n/ log, n processors and n/ log, n shared
memory cells.

When the amount of shared memory m 1s small, significantly more time
is needed to compute the OR of n input bits on a CREW PRAM, even with
an infinite number of processors. If the input bits are initially located in
the processors’ local memories, then Q(n/m) steps are required (see Exercise
21.44), whereas, if they are located in a separate read-only shared memory,

Q (\/n/m) steps are required [Bea87, VW85].

EXERCISE 21.7

Prove that one step of PRIORITY with p processors and m shared
memory cells can be simulated by an EREW PRAM in O(p/m) steps
with p 4+ m? processors and m shared memory cells.

EXERCISE 21.8
[VW85] Prove that the OR of n Boolean variables located in a separate

read-only shared memory can be computed in O (\ /n/m—+ log m) steps
on an EREW PRAM with O(y/nm) processors and m shared memory

cells.

EXERCISE 21.9

Suppose the input consists of n bits located in a separate read-only
shared memory. Prove that, in O(y/n/m + logm) steps, an EREW
PRAM with O(y/nm) processors and m shared memory cells can deter-
mine whether the input contains two consecutive variables with value 1.
Prove that this problem can be solved in O(1) steps on COMMON with
n processors and 1 shared memory cell.

Both COMMON and ARBITRARY can simulate PRIORITY with only
a constant factor increase in time, by increasing the number of processors and
the amount of shared memory.

THEOREM 214  [Kuc82]
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One step of PRIORITY with p processors and m shared memory cells
can be simulated by COMMON in O(1) steps with (’2’) processors and
m + p shared memory cells.

PROOF

Processors P, ..., P, are responsible for simulating the original proces-
sors. Simulation of the read and compute phases is trivial, since the two
models do not differ in this respect. To simulate the write phase, each
processor P; writes the index of the location to which i1t wishes to write
into the auxiliary shared memory cell A;. As in the proof of Theorem
21.3, the value 0 denotes the fact that P; does not wish to write during
this step. For example, the array A might contain the following values.

[2]4f2]t[4]2]0]

Each of the (’2’) processors then reads a different pair of memory cells in
the array. If A; and A; contain the same value and ¢ < j, the processor
that read these two cells writes 0 into A;. This results in the following

array.

[2]4]oft]ofof0]

Finally, for 1 < ¢ < p, memory cell A; is read by processor P;. If
A; contains a nonzero value j, then processor P; is the lowest indexed
processor that wants to write to location M; and, thus, it can perform
the write. .

The number of processors used to achieve a constant time simulation
can be reduced if more shared memory is available.

EXERCISE 21.10
[FRW88a] Prove that one step of PRIORITY with p processors and m
shared memory cells can be simulated by COMMON in O(1/e) steps

c/2

with min{p + mp®, p! 75} processors and mp®/? shared memory cells, for

any € € O(1).

EXERCISE 21.11

[Cha9l] A semi-oblivious PRAM algorithm is a PRAM algorithm such
that, for each processor and at each step of the computation, there is
at most one shared memory cell to which it writes. However, whether a
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particular processor decides to write at a particular step may depend on
the state it is in (and hence on the values of the input). Prove that any
step of a semi-oblivious PRIORITY algorithm that uses p processors
and m shared memory cells can be simulated in constant time by a
semi-oblivious COMMON algorithm using p processors and m+p shared
memory cells.

THEOREM 21.5 [CDHRSS]

One step of PRIORITY with p processors and m shared memory cells
can be simulated by COMMON in O(1) steps with plog, p processors and
mp + p shared memory cells.

PROOF

As in the proof of Theorem 21.2, for each shared memory cell M;, the
LEFTMOST PRISONER, problem is solved using a binary tree with p
leaves. However, instead of having processors proceed up the tree one
level at a time, the bit values at all the internal nodes are determined
simultaneously.

For every original processor F;, there are log, p processors in the simu-
lating machine. If processor P; wants to write to memory cell M}, these
processors simultaneously write the value 1 to each ancestor of the ith
leaf that has the ¢th leaf in its left subtree.

Note that, after this step, an internal node has value 1 if and only if
there is a leaf in its left subtree corresponding to an original processor
that wants to write to M;. Thus, processor P; is the leftmost processor
that wants to write to memory cell M; if and only if every ancestor of
the 2th leaf that has the ¢th leaf in its right subtree contains the value 0.
This can be determined in constant time by computing the OR of these
values using one additional memory cell associated with processor F;.

Consider the example in Figure 21.2. Since Ps is in its parent’s and
great grandparent’s left subtree and in its grandparent’s right subtree,
the OR that is computed has value 0. However, P, is in its parent’s and
grandparent’s right subtrees and P is in its great grandparent’s right
subtree, so the ORs that are computed for both these processors have
value 1. .



21.2 Restrictions on Access to Shared Memory 15

FIGURE 21.2

The result of the first step of the LEFTMOST PRISONER algorithm in the proof
of Theorem 21.5. In this example, p = 7 and processors Pz, P4, and Ps wish to
write to the shared memory cell.

Even without increasing the number of processors, it is still possible to

simulate PRIORITY faster on COMMON than on the EREW PRAM.

THEOREM 21.6  [FRWS8b]

One step of PRIORITY with p processors and m shared memory cells
can be simulated by COMMON in O(log p/loglogp) steps with p proces-
sors and O(mp) shared memory cells.

PROOF

Here the LEFTMOST PRISONER problem is solved using a completely
different approach. For p = 2, the problem can be solved in one write
phase and one read phase using one shared memory cell that is initialized
to 0. Specifically, if P; has value 1, it writes 1 into the cell. In this case,
it 1s the leftmost processor with value 1. If P, has value 1, 1t reads the
cell. Tt is the leftmost processor with value 1 if and only if 1t reads the
value 0.

Given an algorithm that solves the problem for p = ¢! in ¢ — 1 write
and read phases using m;_; shared memory cells, we can construct an
algorithm that solves the problem for p = (¢ 4+ 1)! in ¢ write and read
phases using m; = (¢ + 1)my—1 + 1 shared memory cells, as follows. The
problem is divided into t 4+ 1 subproblems of size t!. Group 1 consists
of the first ¢! processors, group 2 consists of the next ¢! processors, etc.
Each subproblem is solved independently, using m;_; shared memory
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cells and ¢ — 1 of the write and read phases. One shared memory cell
is used for the groups to interact with one another, so that the group
containing the leftmost processor with value 1 can be determined. This
cell initially contains the value 0. In the ¢th write phase, all processors
(with value 1) in group ¢ write 1 to the cell and in the next read phase
all processors (with value 1) in group ¢ + 1 read the cell. Notice that
after the ¢th write phase, the cell contains the value 0 if and only if
no processors in the first ¢ groups have the value 1. Thus if there are
any processors with value 1 in group ¢+ 1, they will learn whether their
group contains the leftmost processor with value 1.

The number of shared memory cells used to solve each leftmost prisoner
problem satisfies the recurrence

mi = 1

my = (t+1)me1+1, fort > 1.

This implies my € O((t + 1)!) = O(p). Therefore the total number of
shared memory cells used in the simulation is O(mp). .

The ideas in the proofs of the two preceding theorems can be combined

to get increasingly faster simulations of PRIORITY by COMMON as the
number of processors in the simulating machine increases.

EXERCISE 21.12

[Ragb, Bop89] Prove that one step of PRIORITY with p processors
and m shared memory cells can be simulated by COMMON in ¢ steps
with kp processors, for 1 < k < log, p, provided tlog,t € O(I&Eﬁ) le.

te O(WT};;%;LTM). How many shared memory cells do you use?

A matching Q(WT};Z{%;LTM) lower bound for solving the LEFTMOST

PRISONER problem on COMMON has been achieved [Ragb]. This does not
imply that the simulation of PRIORITY by COMMON in Exercise 21.12 is
optimal; 1t only implies that a better simulation cannot be achieved by this

approach. However, the algorithm is known to be optimal for simulating
either PRIORITY or ARBITRARY with sufficiently large amounts of shared

memory. Consider the following problem.

ELEMENT DISTINCTNESS
Given n input values 1, ..., z, in the range {1, ... 7}, determine
if they are pairwise distinct (i.e. z; # z; for ¢ # j).
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ELEMENT DISTINCTNESS is easy to solve on ARBITRARY (and, hence,
PRIORITY), given sufficient shared memory.

EXERCISE 21.13
Prove that ELEMENT DISTINCTNESS can be solved in O(1) steps on
ARBITRARY using n processors and r shared memory cells.

An algorithm for solving ELEMENT DISTINCTNESS on COMMON can be
obtained by simulating the algorithm in Exercise 21.13. using the simulation
in Exercise 21.12. If the size, r, of the input domain is sufficiently large, then
the resulting algorithm is optimal.

THEOREM 21.7  [Bop89, Edm91]

COMMON with kn processors and an wnfinite amount of shared memory
requires Q(WT};;%J_TM) steps to solve ELEMENT DISTINCTNESS,
provided the size of the input domain is sufficiently large.

This result implies that, for r sufficiently large, COMMON with kn pro-

cessors and infinite shared memory requires Q(k(loghl;; n”_logk)) times as many

steps to solve ELEMENT DISTINCTNESS as PRIORITY or ARBITRARY
with n processors and r shared memory cells. Thus, the simulation men-
tioned in Exercise 21.12 is optimal whenever the machine being simulated
has a sufficiently large shared memory. However, when the amount of shared
memory m is smaller (for example, only exponential in the number of proces-
sors), the optimality of this simulation is unknown. The difficulty with using
ELEMENT DISTINCTNESS to separate COMMON from ARBITRARY and
PRIORITY in this case is that, if the domain size r is small, there are not
good lower bounds known for ELEMENT DISTINCTNESS on COMMON
and, if r is large, there are not good upper bounds known for ELEMENT
DISTINCTNESS on ARBITRARY or PRIORITY.

ARBITRARY can simulate PRIORITY substantially faster than COM-
MON can.

THEOREM 21.8 [CDHRSS]

One step of PRIORITY with p processors and m shared memory cells
can be simulated by ARBITRARY in O(loglogp) steps using p proces-
sors and m(p — 1) shared memory cells.

PROOF
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This algorithm also works by solving the LEFTMOST PRISONER prob-
lem. The processors are divided into ,/p contiguous groups of size ,/p.

Each group chooses a representative processor with value 1, if there is
one. This 1s done as follows, using one cell for each group. The cell is
initialized to 0. Then all processors that are in the group and have value
1 attempt to write their indices into the cell. The processor whose index
appears in the cell is chosen to be the representative for the group. All
processors (with value 1) in the group can then read the cell to find out
which processor is the representative.

For example, if there are nine processors, of which Ps, Ps, P7, and Py
have value 1, then the memory cells associated with the three groups
{1,2,3}, {4,5,6}, and {7,8,9} could contain the values 0, 6, and 7,

respectively.

Determining the leftmost group that contains a processor with value
1 is a subproblem of size ,/p that is solved recursively by the chosen
representatives. Those processors (with value 1) that were not chosen as
representatives are used to recursively determine the leftmost processors
with value 1 in their groups. Each of these subproblems has size less

than /p.

The total time to solve a LEFTMOST PRISONER, problem of size p sat-
isfies the recurrence t(p) = ¢(,/p)+O(1). Thisimpliest(p) € O(loglog p).
It can also be shown inductively that at most p — 1 memory cells are
used to solve a LEFTMOST PRISONER problem of size p. .

EXERCISE 21.14

[Ragh] Prove that one step of PRIORITY with p processors and m
shared memory cells can be simulated by ARBITRARY in O(l%gg(lfof%)
steps with kp processors, for 1 < k <log, p. How many shared memory

cells do you use?

In particular, the result in Exercise 21.14 implies that one step of PRI-
ORITY with p processors can be simulated by ARBITRARY in O(1/¢) steps
using O(p(log p)¢) processors, for 0 < e < 1.

There is a matching lower bound of Q(%Ogg(l?o_lg_—%) steps on ARBITRARY
for solving a generalized version of the LEFTMOST PRISONER problem in
which each input bit is known to a group of k processors [Ragb]. It is open

whether a better simulation of PRIORITY by ARBITRARY can be achieved

in some other way.
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When the amount of shared memory is small and the input is initially
distributed among the processors’ local memories, o(log p) time simulations of
CRCW PRAMs with stronger write conflict resolution mechanisms by CRCW
PRAMSs with weaker ones are not possible without increasing the number of
processors or shared memory cells. Specifically, Q(log(p/m)) steps are re-
quired to simulate either one step of ARBITRARY by COMMON or one step
of PRIORITY by ARBITRARY, using the same number of processors and
the same number of shared memory cells. (See Exercise 21.42 and Theorem
21.41.) If m € O(p'~*) for some constant ¢ > 0, this implies that Q(log p)
steps are required.

It is more difficult to obtain lower bounds when the input is located
in a separate read-only shared memory. In this case, Q(loglog(p/m)) steps
are known to be required to simulate ARBITRARY with p processors and m
shared memory cells by COMMON with p processors and m shared memory
cells and Q(log(p/m)/ loglog(p/m)) steps are known to be required to simulate
PRIORITY with p processors and m shared memory cells by ARBITRARY
with m shared memory cells and any number of processors [FLRY89]. In
contrast, PRIORITY and ARBITRARY require the same amount of time
to compute any symmetric Boolean function using one shared memory cell

[LY86, LYS8T7].

21.3
Relationships Between PRAMs and Other Models

The PRAM is closely related to other models of computation. This
section considers relationships between PRAMs and four theoretical models:
Boolean circuits, unbounded fan-in Boolean circuits, Turing machines, and
decision trees. These relationships are important for obtaining a better un-
derstanding of parallel computation and because good upper and lower bounds
on PRAMs can often be obtained from corresponding bounds on these models.

A Boolean circuit 18 a directed acyclic graph whose nodes are either
wnputs, which have fan-in 0, or gates, which have fan-in at most 2. The inputs
are labelled by distinct variables. Each gate is labelled by a Boolean function
whose arity is equal to the fan-in of the gate. Some nodes are also designated
as outputs. The depth of a Boolean circuit is the length of the longest directed
path from an input to an output and its size is the number of gates it contains.

A CROW PRAM can easily simulate a Boolean circuit using one pro-
cessor for each gate. The processor reads the values at the nodes with edges
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directed into the gate as they become available, performs the gate computa-
tion, and writes the result in its shared memory cell. If the fan-out of every
node in the circuit is bounded by a constant, then the simulation can be done
using only exclusive reads. However, any Boolean circuit can be converted
to a Boolean circuit with nodes of fan-out at most 2 and only constant fac-
tor increases in size and depth [HKP]. Therefore concurrent reads are not
necessary.

THEOREM 21.9

Any Boolean circuit of depth d and size s can be can be simulated by an
EROW PRAM in O(d) steps using s processors and s shared memory
cells.

An unbounded fan-in Boolean circuit is a directed acyclic graph com-
posed of input nodes with fan-in 0, NOT gates with fan-in 1, and unbounded
fan-in AND and OR gates. Its depth is the length of the longest directed path
from an input to an output and its size is the number of edges in the graph.
Since COMMON can compute the AND or OR of n bits in one step using n
processors and one shared memory cell, 1t can easily simulate any unbounded
fan-in Boolean circuit.

THEOREM 21.10  [SV&4]

Any unbounded fan-in Boolean circuit of depth d and size s can be sim-
ulated by COMMON n d steps using s processors and s shared memory
cells.

Any Boolean function f : {0,1}™ — {0, 1} can be expressed by a formula
of size O(n2") in disjunctive or conjunctive normal form and thus can be
computed by COMMON in two steps using exponentially many processors
and cells. More generally, COMMON can use table look-up to compute any
function f : {0,1}" — R with Boolean inputs in two steps with n2” processors
and 2" shared memory cells. The idea is to allocate n processors to each
of the 2" possible inputs. Each group checks if it corresponds to the true
input by reading the input and performing an AND. One processor from the
unique group whose AND is 1 writes the answer. Thus it is impossible to get
nontrivial lower bounds on time for CRCW PRAMs without restricting the
number of processors or shared memory cells.

EXERCISE 21.15
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[CSV84] Prove that any Boolean function computed by a Boolean circuit
of depth O(loglogn) can be computed by an unbounded fan-in circuit
of depth two and n°® size.

The complexity classes NC* and ACF consist of those Boolean functions
that can be computed in O((log n)*) depth and n®(") size by Boolean circuits
and unbounded fan-in Boolean circuits, respectively. Theorem 21.9 implies
that any problem in NC¥ can be solved by an EROW PRAM in O((logn)*)
steps using n®() processors. Similarly, by Theorem 21.10, any problem in
AC* can be solved by COMMON in O((logn)*) steps using n°() processors.
It follows from Exercise 21.15 that any problem in NC* can be computed
by an unbounded fan-in circuit of depth O((logn)*/loglogn) and size n©(1).
Combined with Theorem 21.10, this result shows that any problem in NC¥
can be solved by COMMON in O((log n)* /loglog n) steps using n®™) proces-
sors and n®1) memory cells. Thus the upper bound on the time for solving
problems in NC* can be improved by allowing concurrent writes.

The word size of a PRAM is the maximum number of bits that can be
contained in each cell of shared memory. Note that Theorems 21.9 and 21.10
and the corollaries mentioned above remain valid even with the restriction

that the word size 1s 1.

Next, we consider some sequential complexity classes. Specifically, let
DLOG denote the class of problems that can be solved by deterministic Tur-
ing machines using logarithmic space. Let NLOG be the analogous class for
nondeterministic Turing machines. Theorems 21.11 and 21.12 will show that
all problems in the classes DLOG and NLOG can be solved in logarithmic
time by the EROW PRAM and COMMON, respectively, using a polynomial
number of processors.

The configuration graph of a Turing machine on a given input has one
node for each possible combination of state, head positions, work tape con-
tents, and time. Directed edges correspond to transitions. Note that the
configuration graph 1s acyclic. Furthermore, since a Turing machine has a
constant size alphabet, every node has constant fan-in and fan-out.

o(1)

If a Turing machine uses O(logn) space, then it uses n time and

its configuration graph has n°() nodes. Moreover, the configuration graph
can easily be constructed by an EROW PRAM in O(logn) steps using nM
processors. Each node in the configuration graph of a deterministic Turing
machine has fan-out at most one. In this case, parallel tree contraction (see

Chapter 2) can be used to determine whether there is a path from the initial
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configuration to an accepting configuration.

THEOREM 21.11  [FW78, KR90]

Any problem in DLOG can be solved by an EROW PRAM in O(logn)

steps using n©@)

Processors.

For nondeterministic Turing machines, 1t suffices to compute the tran-
sitive closure of the configuration graph. This can be done by an unbounded
fan-in Boolean circuit with O(logn) depth and n®W) size [Bor77] and, hence,
from Theorem 21.10, by COMMON in O(logn) steps using n°M) processors.

THEOREM 21.12

Any problem in NLOG can be solved by COMMON in O(logn) steps

using nM

Processors.

For any problem in NP, a superlogarithmic lower bound on the EREW
PRAM with a polynomial number of processors would imply that DLOG is
strictly contained in NP. Similarly, w(logn/loglogn) lower bounds on COM-
MON with a polynomial number of processors for problems in NP would imply
that NC! is strictly contained in NP. Since it is currently unknown whether
the inclusions NC' C DLOG C NP are strict, such lower bounds could be
difficult to obtain.

Unbounded fan-in Boolean circuits can also simulate PRAMs. A re-
stricted instruction set PRAM is a PRAM in which only addition, subtraction,
comparison, bitwise Boolean operations, read, write, and indirect addressing
are allowed. Multiplication and division of small numbers can also be permit-
ted without changing the results.

THEOREM 21.13  [SV&4]

A restricted instruction set PRAM with inputs of word size p using t
steps and p processors can be simulated by an unbounded fan-in circuit
of depth O(t) and size (ptp)°").

In particular, any Boolean function that can be computed by a restricted in-
struction set PRAM in O((logn)*) steps using n®() processors is in ACF.
If COMMON(t) denotes those Boolean functions that can be computed by a
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restricted instruction set COMMON PRAM in O(t) steps using n°M) proces-
sors, then

Ac? - NC C DLOG C NLOG C
[ N
COMMON(1) COMMON (ﬁ)
AC C---C NC* - AcCt
[ N [
COMMON(log n) COMMH%V(%%%%) COMMON((log n)*).

Note that by Theorem 21.4, these relationships are also valid when COMMON
is replaced by ARBITRARY or PRIORITY.
PRAMs that allow a limited number of other instructions such as ar-

bitrary multiplication, division, and shifts have also been studied [Tra88,

TLRS8S].

An easy counting argument [Ruz] shows that almost all Boolean func-
tions require exponential size unbounded fan-in circuits. Combining this re-
sult with Theorem 21.13 gives an analogous result for restricted instruction

set PRAMs.

COROLLARY 21.14

Almost all Boolean functions require an exponential number of processors
to be computed by a restricted instruction set PRAM in polynomial time.

Lower bounds for specific functions on unbounded fan-in Boolean circuits
can be translated into lower bounds on restricted instruction set PRAMs. For
example, consider the following lower bound for PARITY.

THEOREM 21.15

[Has87] Any unbounded fan-in circuit of depth k that computes PARITY
has size 220" *77).

In particular, any unbounded fan-in circuit with n®() size computing the
PARITY of n input bits (i.e. 21 & --- @ x,) has depth Q(logn/loglogn).
Together with Theorem 21.13, this implies that any restricted instruction
set PRAM with n©() processors requires Q(logn/ loglogn) time to compute
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PARITY. Since PARITY € NC*, it follows that this lower bound is tight to
within a constant factor.

Lower bounds for computing specific problems, such as integer addition,
have also been directly obtained on restricted instruction set CRCW PRAMs
[MR84]. These proofs and the lower bounds obtained using Theorem 21.13
depend in an essential way on the restricted instruction set.

In contrast, an abstract or ideal PRAM, places no restriction on the
instruction set. At each step, a processor can compute any function of its
local information. Furthermore, shared memory cells are allowed to contain
arbitrarily large values. Although this model is unrealistic, lower bounds in
this model have great generality since they do not depend on any assumptions
about the instruction set. These lower bounds are actually lower bounds on
the amount of communication, as opposed to the amount of computation, nec-
essary to solve a problem. They give insight into the nature of communication
between processors and may point out where bottlenecks in communication
arise. Abstract PRAMs also approximate the situation where communication
to and from shared memory is much more expensive than local operations,
for example, where each processor is located on a separate chip and access to
shared memory is through a combining network.

Not surprisingly, abstract PRAMs can be much more powerful than
restricted instruction set PRAMs.

THEOREM 21.16

Any function of n variables can be computed by an abstract EROW
PRAM in O(logn) steps using n/log, n processors and n/2log, n shared
memory cells.

PROOF

Each processor begins by reading log, n input values and combining
them into one large value. The information known by processors are
combined in a binary-tree-like fashion. In each round, the remaining
processors are grouped into pairs. In each pair, one processor commu-
nicates the information it knows about the input to the other processor
and then leaves the computation. After [log, n] rounds, one processor
knows all n input values. Then this processor computes the answer in a
single additional step. .
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In particular, superlogarithmic lower bounds for time cannot be obtained on
an abstract PRAM without severely restricting the numbers of processors or
shared memory cells.

EXERCISE 21.16

[Beal87, Bea88] Prove that any function f : {0, 1} — R can be computed
by abstract COMMON in log, n — log,log,(p/n) + O(1) steps using
p > 2n processors and p/ log,(p/n) shared memory cells.

Processors in an abstract PRAM can read and write arbitrarily large
values. However, to handle large input and output values, unbounded fan-in
Boolean circuits need large numbers of gates. Except for this technicality,
unbounded fan-in Boolean circuits can simulate abstract PRAMs.

THEOREM 21.17  [LY89]

If an (abstract CRCW) PRAM computes a Boolean function in t steps
using p processors, then the function can be computed by an unbounded

fan-in Boolean circuit of depth O(t) and size p2t+o(1).

This result was proved using Kolmogorov complexity. Specifically, given
a PRAM, the number of bits needed to describe the states of processors and
the addresses and contents of accessed shared memory cells does not grow too
quickly with time. In constant depth, an unbounded fan-in Boolean circuit
can compute these descriptions (rather than the actual states, addresses, and
contents) at any given step from the descriptions at the previous step.

COROLLARY 21.18  [BH89, Bea87]

Almost all Boolean functions of n variables require log, n —log, log, p+
Q(1) steps to be computed by an (abstract CRCW) PRAM with p pro-

CESSOTS.

Together, theorems 21.15 and 21.17 imply that a PRAM with n°() pro-
cessors requires (y/logn) steps to compute the PARITY of n bits. Although
this lower bound is not tight, the proof is much easier than the direct proof
of Theorem 21.33.

Limiting the word size can significantly affect the amount of time re-
quired to solve certain problems. Different organizations of memory, such as
a small number of shared memory cells with large word size or a large number
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with small word size, can be better for different problems [Bel88, Bel91]. For
reasonable bounds on the word size, improved versions of Theorem 21.17 and
Corollary 21.18 can be obtained.

THEOREM 21.19  [Bel88, Bel91]

If an (abstract CRCW) PRAM with word size y computes a Boolean
function using t steps and p processors, then the function can be com-
puted by an unbounded fan-in circuit of depth O(t) and size pO(1)20tn)

COROLLARY 21.20

Almost all Boolean functions of n variables require %‘ﬁ steps to be
computed by an (abstract CRCW) PRAM with word size y using p pro-
cessors.

From Theorems 21.15 and 21.19, it also follows that an (abstract CRCW)
PRAM with (logn)°™") word size and pllogn)? processors requires (log n/ loglog n)
steps to compute the PARITY of n input bits. Since PARITY is in NC', this
lower bound on time is tight to within a constant factor.

The decision tree is a widely used model for obtaining sequential lower
bounds. An algorithm consists of a tree in which every internal node 1s labelled
by an input variable and every leaf is labelled by a possible answer. An internal
node has one child corresponding to each possible value of the input variable
that labels it. The execution of a decision tree algorithm begins at its root.
When an internal node is visited, the value of the input variable labelling the
node determines the appropriate child to visit next. The output is the label
of the leaf that is reached. The decision tree complexity of a problem is the
minimum depth of any decision tree that solves the problem (expressed as
a function of the number of input variables). Like the abstract PRAM, the
decision tree ignores the computation used to solve a problem. Rather, it
focuses attention on how much of the input must be examined to determine
the answer. There is a very close correspondence between the decision tree

model and the CROW PRAM.

THEOREM 2121  [Raga]
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Any function that can be computed by a CROW PRAM wn t steps can
be computed by a decision tree of height 2¢.

PROOF

Consider any CROW PRAM that computes a function in ¢ steps using
p processors. For 1 <i<pand1 <t <t let S(i,t') denote an ordered
pair consisting of the state of processor P; and the contents of its corre-
sponding memory cell M; immediately after step t'. We will inductively
define decision trees T'(i,¢') that compute S(é,¢'). The desired decision
tree can then be obtained from T'(1,¢) if the ordered pair labelling each
leaf 1s replaced by its second component.

Let ¢; be the initial state of processor P;. If M; initially contains the ith
input value, then T'(¢,0) is a tree of height 1. Tts root is labelled z; and
there is a leaf labelled (¢;, v) for each possible value v of #;. Otherwise,
M; initially contains the value 0 and T'(¢,0) consists of a single node

labelled (g¢;,0).

The decision tree T'(é,t’ + 1) is created by modifying the decision tree
T(i,t"). Each leaf labelled (¢,v) in T'(¢,t’) indicates that processor P;
Is in state ¢ and memory cell M; contains v at the end of step t' on
those inputs that lead to the leaf. Suppose that, in this state, P; reads
memory cell M;: during step ¢ + 1. Then each leaf of T'(¢,t") labelled
(q,v) is replaced by the decision tree T'(#,t') and the labels of the leaves
are changed appropriately. Specifically, the label (¢’,v’) of a leaf in this
subtree is changed to (¢”, v") if P; goes into state ¢’" and writes the value
v” as a result of reading the value v/ from M;:.

It is easy to verify that the height of T'(¢, ') is at most 2t .

THEOREM 21.22

[Raga] If a function can be computed by a decision tree of height h, then
it can be computed by a CROW PRAM in 1+ [log, h] steps.

PROOF
Consider any decision tree of height h. Associate one CROW PRAM

processor with each node in the decision tree. Let processor P; be associ-
ated with the root. To begin the computation, each processor associated
with an internal node reads the value of the input variable labelling its
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node and writes a pointer to the processor associated with the child cor-
responding to that value. Then, using pointer jumping, the path in the
decision tree from the root to a leaf can be determined in [log, A] more
steps. .

From Theorem 21.21, a lower bound of h on a decision tree implies
a lower bound of [log, h] on a CROW PRAM. Thus the logarithm of the
decision tree complexity of a problem almost exactly characterizes the time it

takes to solve the problem on a CROW PRAM.

EXERCISE 21.17

[Sni] Prove that a CROW PRAM requires [log, n| steps to compute the
OR of n input bits, even if it is known that all possible inputs contain
at most one bit with value 1.

EXERCISE 21.18
[FRI0] Prove that a CROW PRAM requires [log,(n—1)] steps to reverse
the direction of the links in a singly linked list of length n.

21.4
Lower Bound Techniques

Many of the lower bound proofs created specifically for (abstract) PRAMs
look at how processors and memory cells accumulate knowledge about the
input as computation proceeds and what kinds of knowledge can be accumu-
lated. They also find ways of measuring that knowledge and then showing
that it cannot increase too quickly.

One of the facts that makes proving PRAM lower bounds difficult is
that processors can communicate information by deciding not to write to a
particular shared memory cell. This is nicely illustrated by the following
example in which x1 V 22 V23V 24 V x5 1s computed in 2 steps on an EREW
PRAM. Note that, by Exercise 21.17, a CROW PRAM requires 3 steps for
this computation.

Initially, memory cells My, My, M3, My, and My contain the input bits
Z1,Ta,x3, 24, and xs, respectively. During step 1,

processor Py reads M- and, if x5 = 1, writes 1 into My,

processor P5 reads My and, if 4 = 1, writes 1 into M3, and

processor Ps reads My,
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resulting in the following memory contents.

1 \/l‘z 9 l‘3\/l‘4 | T4 | s

At step 2, processor Ps reads M. If a5V (23 V #4) = 1, then Ps writes 1
into M7. At this point, memory cell M; contains the value x1VxsVaesVrsVas,
as desired. Note that processor Ps communicates the fact that z3VasVaes =0
by not writing into memory cell M.

This idea can be generalized to show that the OR of n bits can be
computed almost 1.4 times faster on an EREW PRAM than on a CROW
PRAM. The tth Fibonacci number, F}, is defined by the recurrence

FO == 0,
= 1, and
Ft = Ft_1—|—Ft_2, fOI'tZQ

and satisfies the inequalities ((1+\/3)/2)t_2 < F; < ((1+\/3)/2)t_1 fort > 0.

EXERCISE 21.19

[CDRS&6] Prove that an EREW PRAM can compute the OR of n input
bits using n processors and shared memory cells in ¢ steps, provided
Ioqp1 > n.

In the example above, there is at most one processor that writes into a
particular memory cell at a particular time step on any input. This i1s not the
case for all EREW and CREW PRAM algorithms. Depending on the input,
different processors may write into a particular cell at a given step. However,
the conditions under which the different processors perform these writes are
mutually exclusive. The fact that none of these conditions are satisfied by
the input is conveyed when no write occurs. Under some circumstances, this
could be a lot of information. For example, if the input is known to contain at
most one bit with value 1, then the OR of the input bits can be computed in
one step on an EREW PRAM. This is accomplished by having each processor
read an input bit and, if it reads the value 1, write 1 to memory cell M;.
In contrast, from Exercise 21.17, a CROW PRAM requires [log, n] steps to
perform this computation.

21.4.1 Sensitivity, Block Sensitivity, and Degree
The algorithm in Exercise 21.19 is optimal. More generally, it is possible
to characterize, to within a small constant factor, the time needed to compute
total n-ary functions on a CREW PRAM in terms of certain simple properties.
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A function f with domain D C Dy x --- x D, and range R is sensitive
to the set of coordinates S C {1,...,n} on input & € D if there exists an input
y € D such that f(z) # f(y) and z; = y; for all j &€ S. The sensitivity or
critical complexity of f 1s

max #{i|f is sensitive to {i} on input z}.

For example, the OR of n Boolean variables has sensitivity n (consider the
all 0 input) as does their PARITY (consider any input). The function that
computes the MAXIMUM of any n input values also has sensitivity n.

The sensitivity of a function can be used to obtain a lower bound on the
amount of time necessary to compute it on a CREW PRAM. This is done by
showing that the number of coordinates affecting the state of a processor or
the contents of a memory cell cannot grow too quickly as the computation
proceeds. Formally, coordinate ¢ affects processor P (or memory cell M)
on input # € Dy x --- X D, at time ¢ if the state of P (or contents of M)
immediately after step ¢ is different on the inputs x and y, for some input
y € Dy X -+ x D, that is the same as z except in coordinate ¢. Since the
maximum number of coordinates that affect memory cell M; at the end of
the computation must be at least the sensitivity of the function f, this leads
to a lower bound on time.

THEOREM 21.23  [CDRS6]

A CREW PRAM requires at least log, (sensitivity(f)) steps to compute
a function f: Dy x -+ x Dy — R, where b= (54 +/21)/2.

PROOF

Let s(t) and e(t) denote the maximum number of coordinates affecting
any processor or shared memory cell, respectively, on any input at time
t. Then

s(0) = 0 and ¢(0) = 1.

Suppose processor P reads from memory cell M on input & during step
t. Then any coordinate ¢ affecting P on input x at time ¢ either affects
P on input z at time ¢t — 1 or affects M on input x at time ¢ — 1. To see
this, consider any input y that differs from « only in coordinate ¢ and
causes P to have a different state immediately after step ¢t. If, on input
y, P is in the same state at time ¢ — 1 as it is on x, then it reads from
cell M during step ¢. Furthermore, if it finds the same value there, then
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processor P is in the same state immediately after step ¢ on both these
inputs, a contradiction. Thus

sy <s(t—=1)+c(t—1).

Now consider any shared memory cell M on any input . There are two
cases to consider. If some processor P writes to M on input z during
step ¢, then any coordinate affecting M on input & at time ¢ also affects
P on input # at time ¢. There are at most s(¢) such coordinates.

Otherwise no processor writes to M on input # during step ¢. Let ¢ be
any coordinate that affects M on input x at time ¢. If ¢ does not affect
M on input  at time ¢ — 1, there must be an input y(*) that differs from
2 only in coordinate ¢ and a processor P9 that writes to M on input
y() during step ¢.

Let j be any other coordinate that affects M on input z at time ¢.
I PO + PU | then either coordinate j affects P on input y9 or
coordinate i affects PU) on input y\/) at time ¢. Otherwise, during step
t, processors PV and P would both write to M on input z, where

witk=
m=1 ) ifk=j
Ty otherwise.

Suppose there are exactly v coordinates that affect M on input z at
time ¢, but not at time ¢ — 1. Consider a graph whose vertices are these
v coordinates. In this graph there is an edge from ¢ to j if and only if
P + PU) and coordinate j affects PU) on input y(¥) at time ¢. Since
no processor is affected by more than s(¢) coordinates at time ¢t on a
given input, this graph contains at most v - s(¢) edges.

For any processor P, at most s(t) of the v coordinates ¢ are such that
P = PUW_ This is because these coordinates all affect P on input  at
time t. Thus there are at least v - (v — s(¢)) ordered pairs (¢, 7) such
that P £ PU). At least half of these must be edges in the graph.
Hence v - s(t) > v- (v — s(t))/2, which implies that v < 3s(¢). Since M
is affected by at most ¢(t — 1) 4+ v coordinates at time ¢,

c(t) <e(t—1)+ 3s(t).

From the solution of the resulting recurrence, it follows that s(¢), ¢(t) <
b* so at least log,(sensitivity(f)) steps are required to compute f. =
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EXERCISE 21.20

[CDR86] Show that the OR of n input bits can be computed in k +
O(log k) steps on a CREW PRAM if the input is known to contain at
most k bits with value 1.

EXERCISE 21.21

Where does the proof of Theorem 21.23 break down for computing the
OR of n input bits, when the input i1s known to contain at most one bit
with value 17

EXERCISE 21.22
Prove that a CREW PRAM requires Q(min{k, logn}) steps to compute
the OR of n input bits, when the input is known to contain at most &
bits with value 1.

EXERCISE 21.23

[Bea87] Prove that no coordinate affects more than (2 ++/3) processors
or memory cells after ¢ steps of an EREW PRAM computing a Boolean
function.

The function f depends on coordinate i if f is sensitive to {i} on some

input * € Dy X ---x D,. In other words, there are two inputs x and y,
differing only on coordinate ¢, such that f(z) # f(y).

THEOREM 21.24  [Sim82]

Every function f:{0,1}" — {0, 1} that depends on k of its coordinates
has sensitivity Q(log k).

COROLLARY 21.25  [Sim82]

A CREW PRAM requires Q(loglogk) steps to compute any function
F 40,1} — {0, 1} that depends on k of ils coordinates.

EXERCISE 21.24
Consider the Boolean addressing function f : {0,1}" — {0,1} defined
by

fl@e, @m0, yar-1) = Y5,
where j = >0, ;277" and n = r + 27. It uses the binary number
formed by concatenating the first 7 bits as an index to select one of the



21.4 Lower Bound Techniques 33

remaining bits. Prove that this Boolean function has sensitivity » + 1
and depends on all n of its coordinates. How quickly can you compute

this function on a CREW PRAM?

EXERCISE 21.25
Show that the addressing function f:{0,...,n— 1} x {0,1}* — {0,1}
defined by

f(iayOa .. 'ayn—l) =Y

can be computed by a PRAM in constant time using only one processor.
Explain the difference between this result and Exercise 21.24.

A very useful generalization of sensitivity is block sensitivity [Nis89]. For
any function f with domain D C Dy x --- x Dy, it is defined to be

ma}){max{k|f is sensitive to k disjoint subsets of coordinates on input «}.
wE

Clearly, the sensitivity of a function f is bounded above by its block sensi-
tivity. However, there are functions whose sensitivity is less than their block
sensitivity. (See Exercises 21.26 and 21.27.) Tt is an open question whether
the sensitivity of a function is always at least some polynomial of its block
sensitivity or whether it can be exponentially smaller.

EXERCISE 21.26

[Nis89, WZ88] Consider the Boolean function of n variables that has
value 1 when exactly |n/2| or [n/2| + 1 of the input bits have value
1. What is the sensitivity, the block sensitivity, and the decision tree
complexity of this function?

EXERCISE 21.27
[Rub] Exhibit a Boolean function of n variables with sensitivity O(+/n)
and block sensitivity Q(n).

The lower bound in Theorem 21.23 can be extended to block sensitivity.

THEOREM 21.26  [Nis&9]

A CREW PRAM requires at least log, (block sensitivity(f)) steps to
compute a function f: Dy x -+ x Dp — R, where b= (54 +/21)/2.

PROOF
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Suppose the block sensitivity of f is k& and, on input z, f is sensitive to
the disjoint sets of coordinates Sy,...,Sk. For j = 1,... k, let y\9) €
Dy X ---x D, be an input such that f(y/)) £ f(x) and yl(j) = x; for all
i ¢ S;. Given (z1,...,2,) € {0,1}%, define g(z1, ..., z) to be the value
of the function f on the input w = (wy, ..., wy,), constructed as follows.
If z; = 1, then make w agree with yY) on all coordinates in the set S;.
If z; = 0, then make w agree with x on all coordinates in the set S;. On
those coordinates not in any of the sets Si,..., Sk, also make w agree
with z. In other words,

Wi — yl(j) ifieS;and z; =1
T xz; otherwise.

The function g : {0,1}* — R has sensitivity k and can be computed by

a CREW PRAM at least as quickly as the function f. It follows that

any CREW PRAM requires at least log, (k) steps to compute f. .

A set of coordinates C' is a certificate for a function f on an input z
if f(x) = f(y) for every input y that agrees with # on all coordinates in C.
In other words, knowing the values z; for all ¢+ € C' determines the value of
f(z). For example, a set of coordinates corresponding to the variables in a
minterm or maxterm of a Boolean function is a certificate. The certificate
complexity or nondeterministic decision tree complexity of a function f with
domain D C Dy X ---x Dy is

maﬁ(min{#C|C is a certificate for f on input x}.
wE

The block sensitivity, certificate complexity, and decision tree complexity of
a function f: Dy X -+ x D,, = R are always closely related.

EXERCISE 21.28
Prove that, for any function f : Dy x -+ x Dy, = R, block sensitivity(f)
< certificate complerity(f) < decision tree complezity(f).

THEOREM 21.27  [Nis&9]

For any function f : Dy X -+~ x D, = R, certificate complerity(f) <
(block sensitivity(f))?.

PROOF
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Suppose the block sensitivity of f is k. For any input z, let B be a
maximal collection of disjoint sets of coordinates such that each S € B
i1s a minimal set of coordinates to which f is sensitive on input z. Note
that |[B| < k. Let C' = U{S|S € B} be the coordinates that occur in the
sets in B.

Then C' is a certificate for f on input z. To see why, suppose there
was an input y that agreed with = on all coordinates in C' such that
f(z) # f(y). Let C' be the set of coordinates on which y differs from
xr. Then f is sensitive to C’ on input z. Let C" be a minimal subset
of €’ to which f is sensitive on input z. Since C' and C” are disjoint,
C" is digjoint from each S € B. But then B U {C"} is a collection of
disjoint minimal sets of coordinates to which f is sensitive on input z,
contradicting the maximality of B.

To complete the proof, it suffices to show that |S| < k for each S € B,
because this implies that |C] < k2. Consider any S € B and let y be
an input that agrees with « on all coordinates not in S and such that
f(z) # f(y). Then, by the minimality of S, for each i € S, {i} is a set
of coordinates to which f is sensitive of input y. Clearly {{:}|i € S} isa
disjoint collection of sets. Since the block sensitivity of f is &, it follows

that |S| < k. .

THEOREM 21.28  [BI&7, HH&6, Targ8]

For any function f : Dy x ---x D, = R, decision tree complezity(f)
< (certificate complexity(f))?.

PROOF

First note that if f(x) # f(y), then every certificate C' for f on input
r intersects every certificate C” for f on input y. Otherwise, it would
be possible to construct an input z consistent with x at all coordinates
in C' and consistent with y at all coordinates in €’ which would imply

that f(z) = f(z) = f(y).

Suppose 0 < I < k and, for some r € R, every input € f~!(r) has a
certificate of size at most k and every input y € f~1(r) has a certificate of
size at most [. We prove by induction that decision tree complerity(f) <

kl.
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If |[R| = 1, then fis a constant function and decision tree complezity(f) =
0 < kl. Therefore, assume |R| > 1.

If f has no input in its domain with value r, consider the function f’ that
is identical to f except that it does not contain r in its codomain. Since
every input has a certificate of size at most [, decision tree complexity(f) =
decision tree complexity(f') <1? < kl.

Otherwise, choose an input in f~'(r) and construct a decision tree T'
whose first k£ levels are labelled by the variables in a length k certificate
for f on that input. For each node v at depth k, consider the restriction
fv of f to the subdomain in which these k variables have the values
specified by the path to v. Since every input € f~1(r) has a certificate
of size at most k and every input y € f~!(r) has a certificate of size
at most [ that contains at least one of these k variables, every input
z' € f71(r) has a certificate of size at most k and every input 3/ & f,-1(r)
has a certificate of size at most [—1. Thus f, has a decision tree of height
at most k(I—1). This tree is rooted at node v of T'. The resulting decision
tree T computes f and has height at most k + k({ — 1) = kL. .

EXERCISE 21.29
[BSVW86] Prove that, for any monotone Boolean function f, sensitivity(f)
= certificate complexity(f).

Both log(block sensitivity(f)) and log(decision tree complexity(f)) char-
acterize the time to compute a function f: Dy x --- x D, =+ R on a CREW
PRAM to within a small constant factor. This follows from Theorems 21.27
and 21.28, the fact that log,(block sensitivity(f)) is a lower bound on the
time for a CREW PRAM to compute f (Theorem 21.26), and the fact that
1 + [logy(decision tree complexity(f))] is an upper bound on the time for a
CROW PRAM and, hence, a CREW PRAM to compute f (Theorem 21.22).
Moreover, given a CREW PRAM algorithm computing such a function, it
is possible to construct a CROW PRAM algorithm to compute the function
to within a constant factor as fast. However, the new algorithm is not nec-
essarily a step by step simulation of the original algorithm and it might use
exponentially more processors. It is an open question whether such a large
blowup in the number of processors is necessary.

For many of these results, it is essential that the domain of the function
f 18 complete, 1.e. if there are n inputs, then the domain of f can be expressed
as the direct product of n sets of values. In other words, the value of any
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input variable is not constrained by the values of other input variables. The
results are not necessarily true when the domain of f is not complete.

For example, the OR of n bits when it is known that at most one bit is
1 can be computed in one step on a CREW PRAM, but the sensitivity of this
function is n and it requires log, n steps on a CROW PRAM. (See Exercises
21.20 and 21.17.) Similarly, reversing a singly linked list or a disjoint collection
of circular singly linked lists of length n has decision tree complexity n — 1
(Exercise 21.18), although this can be done in one step on a CREW PRAM
[FR90]. In contrast, when reverse pointers are also present, the situation is
quite different.

THEOREM 21.29  [FR90]

A CROW PRAM can compute any function of a disjoint collection of
circular doubly linked lists to within a constant factor as fast as a CREW
PRAM.

Additional work needs to be done to understand what problems can be
solved more quickly by a CREW PRAM than by a CROW PRAM.

Lower bounds that exactly match the upper bounds for certain Boolean
functions have been obtained by considering yet another property. For any
Boolean function f : {0,1}" — {0, 1}, there is a unique multilinear polynomial

Pf(l‘) = Z a[Hl‘Z’

IC{1,..n} i€l

with integer coefficients that represents f in the sense that P¢(x) = f(x)
whenever # € {0,1}". Moreover, the coefficients a;y have absolute value at
most 2"~ [Smo87]. For example, if f(xy,...,2,) = &1 A -+ A x,, then
Pz, ... 2p) =21 -zp andif f(o1, ..., 2,) = 21V - Vg, then Pr(z1,...,2,) =
1—(1 =) (1 —x,). The degree of the Boolean function f is defined to

be the degree of the polynomial P;.

EXERCISE 21.30
[DKRI0] Prove the following facts about the degrees of Boolean func-

tions.
1. degree(f) = degree(f).
2. degree( ) < degree(f) + degree(g).

frg
3. degree(f V g) < degree(f) + degree(g).
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4. If f Ag =0, then degree(f V g) < max{degree(f), degree(g)}.

Since the OR of n bits has degree n, the following result shows that the

algorithm in Exercise 21.19 is the fastest possible on a CREW PRAM.

THEOREM 21.30  [DKR90]

If a CREW PRAM computes a Boolean function f:{0,1}* — {0, 1} in
t steps, then Forpq > degree(f).

PROOF

Without loss of generality, we make the following two assumptions.
First, a processor’s state is merely (an encoding of) the sequence of
values it has read at each step (so a processor never forgets informa-
tion). Second, whenever a processor writes, it identifies itself and its
current state (i.e. it communicates everything it knows).

For each processor, partition the set of inputs {0, 1}" so that inputs are
in the same block if and only if they cause the processor to be in the
same state immediately after step ¢. Let s(¢) denote the maximum de-
gree of the characteristic function of any block of one of these partitions.
Similarly, let ¢(t) denote the maximum degree of the characteristic func-
tion of any block of the partition of {0, 1}” induced by a shared memory
cell’s contents immediately after step ¢t. Then, as in the proof of Theorem

21.23,

s(0) = 0,
c(0) = 1, and
sty < s(t—=1)+e(t—1), fort>0.

Now consider the characteristic function of any block of the partition
induced by the contents of a shared memory cell M, immediately after
step t. If, in state ¢, processor P; writes into M during step ¢, then the
characteristic function g; , : {0,1}" — {0, 1} of the set of inputs that
cause P; to be in state ¢ at time t is also the characteristic function of
the set of inputs for which M contains the value (¢, ¢) immediately after
step ¢. This function has degree at most s(¢), by definition.

Suppose, instead, that no processors write to M during step ¢ and M
contains the value v immediately after step ¢. Let ¢ be the characteris-
tic function identifying those inputs for which M contains the value v
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immediately after step ¢t — 1. Then the characteristic function g’ of the
corresponding block of the partition induced by M’s contents at time ¢
can be expressed as

g =9/\giq
i,q
where the OR is taken over all values of ¢ and ¢ such that, in state ¢,
processor P; writes to M during step ¢. Since concurrent writes to M
cannot occur, at most one of the functions g; 4 has value 1 for a given

input. From Exercise 21.30, it follows that degree \/giyq < s(t). By
i,q
definition, degree(g) < e¢(t — 1). Thus degree(g’) < e(t — 1) + s() and,
hence,
e(t) <e(t—1)+s(t) fort > 0.

It is easy to prove by induction that s(t) < Fy and e(t) < Fayq for
all t > 0. The theorem then follows from the fact that degree(f) is
bounded above by the maximum degree of the characteristic functions
of the blocks of the partition induced by M;’s contents at the end of the
computation. .

EXERCISE 21.31
[DKRY0] Let n = k? and consider the function

fler, oo mn) = (@i A Azg) VooV (@1 A Adp).

Prove that the certificate complexity of f is k£ and its degree is n. What
1s 1ts decision tree complexity?

EXERCISE 21.32
Prove that the degree of any Boolean function is always bounded above
by its decision tree complexity.

THEOREM 21.31  [Sze89]

The block sensitivity of any Boolean function is bounded above by the
square of its degree.

For special classes of Boolean functions, better results can be shown.



40 Chapter 21.  The Complexity of Computation on the PRAM

EXERCISE 21.33
[DKRI0] Prove that the sensitivity of a monotone Boolean function is
bounded above by its degree.

THEOREM 21.32  [DKR90]

Any nonconstant, symmetric, Boolean function of n variables has degree
larger than n/2.

The time taken by a randomized CREW PRAM to compute a Boolean
function is also related to the function’s block sensitivity and degree [Nis89,
DKRI0]. These results imply that a randomized CREW PRAM cannot com-
pute a Boolean function more than a constant factor faster than a determin-

istic CROW PRAM.

21.4.2 Simplifying the Algorithmic Structure by
Restricting the Input

A variety of lower bounds for the PRAM have been obtained as follows.
Given an algorithm to solve a problem, find a restricted problem, either on
a smaller number of input variables or a smaller input domain, on which the
algorithm behaves in a considerably simpler manner. Then lower bounds are
proved directly for this class of simpler algorithms.

It is useful to consider the partitions of the set of inputs into blocks
that are indistinguishable to a processor or a memory cell during the first ¢
steps of the computation. As time increases, these partitions become more
complicated. The proofs of the next results use the technique of random
restrictions to show that these partitions do not become sufficiently complex
too quickly. Essentially, after each step of the computation, the values of
relatively few randomly chosen bits are fixed. This leaves only a slightly
smaller instance of the problem. It can be shown that the resulting partitions
of the set of inputs are likely to remain quite simple in structure.

THEOREM 21.33  [BHS89]

If PRIORITY computes the PARITY of n input bits int steps, then it

(n'/?)

uses 2 processors and 22/ shared memory cells.

COROLLARY 21.34  [BH89]
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PRIORITY with n®Y) processors or shared memory cells requires O(logn/loglogn)
steps to compute the PARITY of n wnput bits.

THEOREM 21.35  [BHS89]

For all t € logn/loglogn — w(logn/(loglogn)?), there is a Boolean
function of n variables that can be computed by COMMON n t steps
using n processors and memory cells, but cannot be computed by PRI-
o(1)

ORITY in t — 1 steps using n°Y) processors or using n memory

cells.

Thus, even one extra time step can be more useful than increasing the number
of processors or shared memory cells by a polynomial factor or using a more
powerful write resolution rule.

An early example of this approach was applied to the following problem
[Sni85].

SEARCH AN ORDERED LIST

Given x1,..., 20,y € {1,...,7} such that &1 < 25 < ... < a,,
determine that either y < x1 or @, < y or find the index ¢ such
that x; <y < ziq1.

Using (p + 1)-ary search, a CREW PRAM with p processors can solve this
problem in time O(logn/log(p + 1)). A nontrivial lower bound can be ob-
tained on an EREW PRAM, even for the restricted version of the problem
in which @1, ..., 2,,y € {0,1}, by bounding the number of variables affecting
processors and memory cells as a function of time. This lower bound remains
valid even if concurrent writes are allowed.

EXERCISE 21.34
[Sni85] Prove that an EREW PRAM with p processors requires Q(log n—
logp) steps to SEARCH AN ORDERED LIST of length n.

EXERCISE 21.35

[Sni85] Prove that an EREW PRAM can SEARCH AN ORDERED
LIST of length n in O(logn — log p) steps using p processors, provided
p copies of y are given as part of the input.

EXERCISE 21.36
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[Sni85] Prove that an EREW PRAM can SEARCH AN ORDERED
LIST of length n in O(y/logn) steps using n processors and memory
cells.

Even with an arbitrarily large number of processors, the upper bound
in Exercise 21.36 cannot be improved. This is a consequence of the limited
ability of the EREW PRAM to access the input variable y.

THEOREM 21.36  [Sni85]
An EREW PRAM requires Q(\/logn) steps to SEARCH AN ORDERED

list of length n, provided the domain size, r, is sufficiently large.

The idea of the proofis to show that any algorithm has a simple structure
for a large subset of the inputs. Then a lower bound is obtained assuming
this simple structure.

Two inputs z,z’ € D" are order equivalent if, for all i,j € {1,...,n},

x; < xj if and only if ] < x;

A function f: D" — R depends only on the relative values of its variables if
f(z) = f(&') for all order equivalent inputs x, 2’ € D™. The address functions
of a PRAM algorithm are the functions of the input that describe where in
shared memory each processor reads from and writes to at each step in the
computation. A PRAM algorithm depends only on the relative values of its
variables if 1ts address functions depend only on the relative values of their
variables.

LEMMA 21.37

Consider any EREW PRAM algorithm to SEARCH AN ORDERED
LIST. If the domain size r is sufficiently large (as a function of the
number of processors, memory cells, and time steps), then there is a
large subset S C {1,...,r} such that the EREW PRAM algorithm de-
pends only on the relative values of its variables when restricted to inputs
Z1,...,Tp,YyES.

This lemma can be proved by applying the following result from Ramsey
theory to each of the address functions.
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THEOREM 21.38  [GRS8(]

Given a function [ : D™ — R, where |D| is sufficiently large in terms
of n, |R|, and s, there is a subset S C D, with |S| > s, such that f|s=
depends only on the relative values of its variables.

Finally, any EREW PRAM algorithm to SEARCH AN ORDERED LIST that
depends only on the relative values of its variables can be shown to require
Q(+/lTogn) steps, using arguments similar to those needed for Exercise 21.34
[Sni85].

Furthermore, if the EREW PRAM algorithm stores at most a con-
stant number of input values in each shared memory cell, then 1t requires
O(logn/loglogn) steps to SEARCH AN ORDERED LIST. If, in addition,
each processor only stores a constant number of input values in its local mem-
ory, ©(logn) steps are necessary.

These results demonstrate that concurrent read can be more powerful
than exclusive read (because a CREW PRAM with n processors can SEARCH
AN ORDERED LIST of n numbers in O(1) steps), although not necessarily
for problems with complete domains. However, the lower bounds in Exercise
21.34 and Theorem 21.36 also apply to any problem that has SEARCH AN
ORDERED LIST as a special case. Unfortunately, the natural extension to a
complete domain, the problem of searching an unordered list, is also difficult

for a CREW PRAM.

EXERCISE 21.37
Prove that a CREW PRAM requires Q(logn) time to search an un-
ordered list @1, ..., x, for an element y.

It is possible to construct a problem with complete domain that has
SEARCH AN ORDERED LIST as a special case and can be computed sub-
stantially more quickly by a CREW PRAM than by an EREW PRAM [GNR89].
A comparison tree is a binary decision tree in which each internal node 1s la-
belled by a comparison between two input variables instead of by a single input
variable. The two children of an internal node correspond to the outcomes <
and > of the comparison. As in a decision tree, computation begins at the
root and the output is the label of the leaf that is reached. Consider the fol-
lowing comparison tree with n internal nodes and depth [log, n], an example
of which is illustrated in Figure 21.3. At the dth internal node (encountered in
an inorder traversal), the input variables y and #; are compared. The leaves
are labelled sequentially from left to right with the numbers 0,1,...,n. The
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problem is to determine the output of this comparison tree, given the input

L1, .-

LIST.

&,y € {1,...,7}. When the input variables a1, ..., #, are restricted
to be in sorted order, this problem is equivalent to SEARCH AN ORDERED
YTy
< >
Y2 Y- Te
< > < >
Yy Y as Y xs y:ar

6 6 & 6 b 6 & 6

FIGURE 21.3

The comparison tree problem, for n = 7.

EXERCISE 21.38

[GNRB9] Prove that on a CREW PRAM, the comparison problem can be
solved in O(loglog n) steps, using n processors, and requires Q(loglogn)
steps, regardless of the number of processors.

EXERCISE 21.39

Prove that an exclusive read PRAM with an infinite number of proces-
sors requires Q(y/logp/loglogp) steps to simulate a general step of a
concurrent read PRAM with p processors, when the input domain size
is sufficiently large.

EXERCISE 21.40

[GNR89] Construct a function with domain {0,1}" and range {0, 1}
that can be solved in O(loglogn) steps on a CREW PRAM using n
processors, but requires Q(logn — logp) steps to be computed by an
EREW PRAM with p processors.

Lower bounds for a number of other problems have been obtained us-

ing the Ramsey theory technique. The ELEMENT DISTINCTNESS problem
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was studied by Fich, Meyer auf der Heide, and Wigderson [FMW8&7]. They
showed that COMMON with n processors and an infinite amount of shared
memory requires Q(logloglogn) steps to solve this problem for a domain
of size 297 1°87)  Ragde, Steiger, Szemeredi, and Wigderson [RSSW8§] im-
proved the lower bound on time to £2(v/Togn) and Boppana [Bop89] improved
it further to Q(logn/loglogn), matching the upper bound. (See Theorem
21.7 and Exercise 21.13.) Both results require substantially larger domains.
Recently, Edmonds [Edm91] was able to obtain an (logn/loglogn) lower
bound using a domain only doubly exponential in n. Boppana [Bop89] and
Edmonds [Edm91] also proved that PRIORITY with n processors requires
Q(logn/loglogn) steps to solve ELEMENT DISTINCTNESS on these do-
mains, when the amount of shared memory does not increase as a function
of the domain size r. On PRIORITY with n processors (or even n(logn)©(!)
processors) and infinite memory, Fich, Meyer auf der Heide, and Wigder-
son [MW87] showed that finding the MAXIMUM of n elements requires
Q(log logn) steps (matching Shiloach and Vishkin’s upper bound [SV81]) and
Meyer auf der Heide and Wigderson [MW87] showed that SORTING a list of
length n requires (y/logn) steps. Schieber and Vishkin [SV90] used similar
ideas to obtain a tight Q(loglog n) lower bound on the number of steps needed
by PRIORITY with n(log n)o(l) processors and infinite memory to merge two
sorted lists of length n or find the nearest neighbour of each vertex in an
n-vertex convex polygon.

A serious limitation of these lower bounds, and one that is inherent in
the use of Ramsey theory, is that they are only applicable when the size of
the problem domain is very large. For example, provided the domain size
r € O(m), ARBITRARY can solve ELEMENT DISTINCTNESS in O(1)
steps using n processors and m shared memory cells. (See Exercise 21.13.)
Berkman and Vishkin [BV89] showed that two sorted lists of length n con-
taining numbers in the range {1,...,7} can be merged on a CREW PRAM
in O(logloglogr) steps using n/logloglogr processors.

EXERCISE 21.41

[FRW88a, EG88] Prove that the MAXIMUM of n elements with values
in the range {1, .. .,no(l)} can be found on COMMON using n proces-
sors and memory cells and O(1) time.

At present, it is unknown whether an EREW PRAM can compute every
Boolean function as quickly as a CREW PRAM can. However, the following
Boolean function require substantially more time to compute on an EROW
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PRAM than on a CROW PRAM [FW0].

BOOLEAN DECISION TREE EVALUATION

Given the values of 2™ Boolean variables g, ..., zam_1 and (the
binary encoding of) a complete decision tree of height k, in which
each internal node is labelled by one of these 2™ variables and the
leaves are alternately labelled 0 and 1, determine the label of the
leaf that is reached. The size of the input is n = 2™ 4+ m(2" — 1).

For example, when m = 2 and h = 3, the first four bits of the input
111000100111100110 represent the values g = 1, 21 =1, 22 = 1, and 23 = 0.
The remaining bits represent the indices of the labels of the interior nodes
of the decision tree illustrated in Figure 21.4, when these nodes are arranged
according to the inorder traversal of the tree.

FIGURE 21.4
The Boolean decision tree of height 3 represented by the encoding 00100111100110.

THEOREM 21.39  [FW90]

For an appropriate choice of h and m, a CROW PRAM can solve the
BOOLEAN DECISION TREE EVALUATION problem in O(loglogn)
steps, but any (probabilistic) EROW PRAM that computes il requires

(expected) Q(/logn) steps.

From Theorem 21.22, it follows that a CROW PRAM can solve the
BOOLEAN DECISION TREE EVALUATION problem in time O(logm +

log k). To prove the lower bound, it is sufficient to consider the behaviour of
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an EROW PRAM algorithm on a randomly chosen input from {0, 1}". After
each step of the EROW PRAM computation, a longer initial segment of the
root to leaf path is revealed. It is very unlikely that any processor knows both
the value of a variable that has not been revealed and (any bit of) the label of
a node in the subtree rooted at the end of this initial segment. In particular,
for sufficiently short computations, if a processor knows anything about which
variable labels the parent of the leaf that is reached, then it is unlikely to know
anything about the value of that variable. It is conjectured that an EREW
PRAM requires (logn)™") steps to solve the BOOLEAN DECISION TREE
EVALUATION problem, for appropriate & and m.

21.4.3 Small Memory

There are certain techniques that are particularly useful for proving
lower bounds on a PRAM with a small amount of shared memory. When a
PRAM has only one shared memory cell, we may assume that all processors
read the shared memory cell at every step of the computation. The sequence of
contents of the m shared memory cells is called the history of the computation.
Then a processor’s knowledge can be expressed as a function of the history
and any input values initially located in its local memory. A lower bound
of Q(t/m) steps on a PRAM using m shared memory cells can be obtained
from a lower bound of ¢ steps on a PRAM using one shared memory cell by
applying the result of Exercise 21.3.

The following information theoretic lower bound is obtained by consid-
ering the partition of the set of all possible inputs into blocks that cause the
shared memory to have exactly the same history up to a given point in time.
Since two processors may not attempt to write different values in the same
memory cell at the same time, it must be possible to infer some “mutual
exclusion” information from the history. This mutual exclusion information
takes time to set up and is not reusable, so the partition cannot become too
fine too quickly.

THEOREM 21.40  [FRW88a]

(Probabilistic) COMMON with n processors and m shared memory cells
that computes a surjective function f : {0,1}" — R requires (expected
time) Q((log |R|)/m) steps for some input.

EXERCISE 21.42
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[FRW88a] Prove that COMMON with p processors and m shared mem-
ory cells requires Q(log(p/m)) steps to simulate one step of ARBI-
TRARY or PRIORITY with p processors and m memory cells.

Adversary arguments are also useful for proving lower bounds with small
amounts of shared memory. As the computation proceeds, the adversary fixes
the history by fixing the values of some of the input variables and, in the case
of ARBITRARY, the outcomes of write conflicts. Unless the computation is
sufficiently long, this information is insufficient to determine the answer.

THEOREM 21.41 [FRW88a]

ARBITRARY with p processors and m shared memory cells requires
Q(log(p/m)) steps to simulate one step of PRIORITY with p processors
and m memory cells.

PROOF

It suffices to prove the lower bound for the following restricted version
of the LEFTMOST WRITERS problem. The p processors are divided
into m groups of approximately equal size and, for i € {1,...,m}, each
processor in group ¢ must have value 0 or . Consider any ARBITRARY
algorithm that solves this problem.

A processor whose value has not yet been fixed by the adversary is said
to be free. The adversary fixes the values of certain processors after each
step of the computation in a way that allows any free processor to be
the leftmost writer in its group. This is accomplished by never fixing
the value of a processor to anything but 0 if there is a free processor of
lower index within the same group. As long as there is at least one free
processor, the algorithm cannot have terminated.

Initially, the rightmost processor in each group has its value fixed to the
index of the group. The values of the other processors are free. Once the
history for the first ¢ steps has been fixed, the action of each processor
at step t + 1 can be viewed as a function of its value. Based on these
actions, the adversary fixes the contents of each of the m shared memory
cells at step t + 1, as follows.

If possible, the adversary fixes the contents of a cell by choosing the
value written at step ¢t + 1 by a processor whose value has already been
fixed. Otherwise, if there is a free processor that writes to the cell at step
t + 1 when its value is 0, the adversary fixes the value of that processor
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to 0 and fixes the contents of the cell by choosing the value written by
that processor.

The remaining unfixed cells are only written to by free processors when
their values are nonzero. If possible, the adversary fixes the contents of
such a cell by choosing the value written by a processor among the right
half of the free processors in some group. The value of the processor is
set to the index of its group to ensure that the write takes place. The
value of every free processor of higher index within the same group is

fixed to 0.

Note that each time the contents of a cell is fixed in one of these ways,
the number of possible answers decreases by at most a factor of 2.

Finally, the left half of the free processors in each group have their values
fixed to 0, ensuring that no processors write to the remaining unfixed
cells. The adversary fixes the contents of those cells to be the same as
at step t. This decreases the number of possible answers by a factor of
2m.

Initially, there are Q((n/m)™) possible answers. This is because any
processor in group ¢ can be the leftmost writer to cell i. At each step,
the total number of possible answers decreases by a factor of at most
22™ Thus any algorithm must perform Q(log(n/m)) steps to determine
the answer in the worst case. .

EXERCISE 21.43

[FLRYS89] Prove that PRIORITY with an infinite number of proces-
sors and m shared memory cells requires Q(n/m) steps to determine
whether the input z1,...,x, contains two consecutive variables with
value 1, assuming that the input is initially located in the processors’
local memories.

EXERCISE 21.44

Prove that a CREW PRAM with an infinite number of processors and
m shared memory cells requires 2(n/m) steps to compute the OR of n
input bits that are initially located in the processors’ local memories.

21.4.4 Reductions
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The most frequently used lower bound technique is to find a problem
for a which a good lower bound is known and reduce it to the problem of
interest. Specifically, let f be a problem with n input variables and let g be
a problem with »’ input variables. Suppose a PRAM can map each instance
(z1,...,2n) of f to an instance (y1,...,yn’) of g in ¢ steps and can map the
answer ¢(y1,...,Yn’) to the answer f(z1,...,2,) in ¢’ steps. If the PRAM
requires at least 7' steps to solve f, then it requires at least 7' — ¢ — ¢’ steps
to solve g. To get a nontrivial lower bound for g, it is important that the
time ¢ + ¢’ used to perform the reduction is significantly less than the lower
bound T for f. For example, the problem of merging two sorted lists of length
n can be reduced in constant time to the problem of triangulating a mono-
tone polygon with ©(n) vertices by an EREW PRAM using O(n) processors
[BSV88]. Since the former problem requires Q(loglogn) steps on PRIOR-
ITY with n(logn)©() processors (see Section 21.21), it follows that this lower
bound also applies to the latter problem. More generally, if merging two sorted
lists of length n can be reduced to a problem with O(n) inputs on PRIOR-
ITY using o(loglogn) steps and n(logn)?") processors, then that problem
requires Q(loglogn) steps on PRIORITY with n(logn)?() processors.

Sometimes it is possible to express each component of ¢’s input as a
function of at most one component of f’s input and each component of f’s
answer as a function of at most one component of ¢’s answer. Then f can
be reduced to ¢ by a CREW PRAM in constant time using one processor
for each component of ¢’s input and one processor for each component of f’s
answer. This type of reduction is called a projection.

THEOREM 21.42

The PARITY of n bits can be reduced via a projection to LIST RANK-
ING in a list of length 3n+ 1.

PROOF

Consider an instance (1, ...,#y,) of the PARITY problem. Create an
instance of LIST RANKING with nodes 1,...,2n+ 1 arranged in order
starting at 1. If #; = 0, then node 2n + ¢ 4+ 1 is placed between nodes
n+iand n+ 7+ 1 and if #; = 1, then it is placed between nodes ¢ and
¢+ 1. In particular, the distance from node n + 1 to the end of the list
is the number of input variables with value 1 plus twice the number of
input variables with value 0. Hence, the least significant bit of the rank
of node n + 1 is the PARITY of z,..., 2,. .
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From Theorems 21.23 and 21.33, it follows that LIST RANKING re-
quires Q(logn) steps on a CREW PRAM using any number of processors
and Q(logn/loglogn) steps on PRIORITY using a polynomial number of
processors.

EXERCISE 21.45
[FSS84] Prove that there is a projection mapping the PARITY of n bits
to the MULTIPLICATION of two n bit numbers.

Many other examples of projections appear in [SV85] and [CSV84].

An analogue of Turing reducibility is also useful for proving lower bounds.
Let f be a problem with n inputs and let {g;} be a family of problems where
gi; has ¢ inputs. Suppose there 1s a PRAM that can solve f using ¢ time steps
and p processors, given access to an oracle that solves any instance of g; for
i < s(n). If the PRAM can solve g; using ¢'(¢) time steps and p’(¢) proces-
sors, then it can solve f using at most ¢ - #'(s(n)) time steps and p - p'(s(n))
processors. Furthermore, if no input to an oracle computation is a function of
an output of another oracle computation, then the PRAM can solve f using
only t +¢'(s(n)) time steps.

A special case of such a reduction is one that can be performed by a
constant depth, polynomial size unbounded fan-in Boolean circuit with gates
that compute any bit of the output of a problem in {g;}. This reduction
can also be performed by COMMON (and, hence, PRIORITY) in constant
time using a polynomial number of processors. (See Theorem 21.10.) Con-
stant depth, polynomial size reductions from determining the PARITY of
n bits to ADDING, SORTING, and determining the MAJORITY of O(n)
bits and computing the TRANSITIVE CLOSURE of an n + 2 node graph
[FSS84, CSV84] imply Q(log n/ loglogn) lower bounds for these problems on
PRIORITY with n°(") processors. Other examples of constant depth, poly-
nomial size reductions appear in [FSS84, CSV84, ACGT88].

EXERCISE 21.46

[CSV84] Prove that SORTING n n-bit integers is reducible to determin-
ing (the bits of) the binary representation of the sum of n bits and vice
versa.

Acknowledgements

I am grateful to Jeff Edmonds, David Neto, Naomi Nishimura, Prabhakar
Ragde, and Jeannine St. Jacques for carefully reading various drafts of this



52 Chapter 21.  The Complexity of Computation on the PRAM

chapter and making valuable comments. Preparation of this chapter was sup-
ported by the Natural Sciences and Engineering Research Council of Canada
(grant A9176) and the Information Technology Research Centre of Ontario.



Bibliography

[ACF90]

[ACG*88]

[AMPS87]

[AHUT74]

[Bea87]

[Bea88]

[Bel8g]

[Bel91]

[BHS9)

S. Akl, M. Cosnard, and A. Ferreira. Data-movement-intensive
problems: Two folk theorems in parallel computation revisited.
Technical Report 90-18, Ecole Normale Supérieure de Lyon, June
1990.

A. Aggarwal, B. Chazelle, L. Guibas, C. O’Dunlaing, and C. Yap.
Parallel computational geometry. Algorithmica, 3:293-327, 1988.

H. Alt, T. Hagerup, K. Mehlhorn, and F. Preparata. Deterministic
simulation of idealized parallel computers on more realistic ones.

SIAM Journal on Computing, 16(5):808-835, October 1987.

A. Aho, J. Hopcroft, and J. Ullman. The Design and Analysis of
Computer Algorithms. Addison-Wesley, 1974.

P. Beame. Lower Bounds in Parallel Machine Computation. PhD
thesis, University of Toronto, 1987. Department of Computer
Science Tech. Report 198/87.

P. Beame. Limits on the power of concurrent-write parallel ma-
chines. Information and Computation, 76(1):13-28, 1988.

S. Bellantoni. Parallel RAMs with bounded memory wordsize.
Master’s thesis, University of Toronto, 1988.

S. Bellantoni. Parallel RAMs with bounded memory wordsize.
Information and Computation, 91(2):259-273, April 1991.

P. Beame and J. Hastad. Optimal bounds for decision problems
on the CRCW PRAM. Journal of the ACM, 36(3):643-670, 1989.

53



54 Chapter 21. The Complexity of Computation on the PRAM

[BIS7]

[Bop89]

[Bor77]

[BSV8S]

[BSVWS6]

[BV89)]

[CDHRSS]

[CDRS6]

[Cha9d1]

[CR73]

[CSV84]

[DKR90]

M. Blum and R. Impagliazzo. Generic oracles and oracle classes.

In FOCS, pages 118-126, 1987.

R. Boppana. Optimal separations between concurrent-write par-

allel machines. In STOC, pages 320-326, 1989.

A. Borodin. On relating time and space to size and depth. STAM
Journal on Computing, 6(4):733-744, December 1977.

O. Berkman, B. Schieber; and U. Vishkin. Some doubly loga-
rithmic optimal parallel algorithms based on finding all nearest
smaller values. Technical Report UMIACS-TR-88-79, submitted
to J.Algorithms, University of Maryland, 1988.

S. Bublitz, U. Schurfeld, B. Voigt, and 1. Wegener. Properties
of complexity measures for PRAMs and WRAMs. Theoretical
Computer Science, 48:53-73, 1986.

O. Berkman and U. Vishkin. Recursive *-tree parallel data struc-

ture. In FOCS, pages 196-202, 1989.

B. Chelbus, K. Diks, T. Hagerup, and T. Radzik. Efficient sim-
ulations between CRCW PRAMs. In 13th MFCS, Lecture Notes
mn Computer Science 324, pages 230-239. Springer-Verlag, 1988.

S. Cook, C. Dwork, and R. Reischuk. Upper and lower bounds
for parallel random access machines without simultaneous writes.

SIAM Journal on Computing, 15:87-97, 1986.

S. Chaudhuri. Tight bounds for the chaining problem. In Proceed-

wngs of the Symposium on Parallel Algorithms and Architectures,
pages 62-70, 1991.

S. Cook and R. Reckow. Time bounded random access machines.

Journal of Computer and System Sciences, 7(4):354-375, 1973.

A. Chandra, L. Stockmeyer, and U. Vishkin. Constant depth
reducibility. SIAM Journal on Computing, 13:423-439, 1984.

M. Dietzfelbinger, M. Kutylowski, and R. Reischuk. Exact time
bounds for computing boolean functions on PRAMs without si-

multaneous writes. In Proceedings of the Symposium on Parallel
Algorithms and Architectures, pages 125-137, July 1990.



[DRS6]

[Eck79]

[Edm91]

[EGSS]

[FLRY89)

[FMW87]

[FRO0]

[FRWS88a

[FRWSSD]

[FSS84]

[FW78]

21.4 Lower Bound Techniques 55

P. Dymond and W.L. Ruzzo. Parallel RAMs with owned global
memory and deterministic context-free language recognition. In

ICALP, pages 95-104, July 1986.

D. Eckstein. Simultaneous memory access. Technical Report TR-
79-6, lowa State University, 1979.

J.A. Edmonds. Lower bounds with smaller domain size on concur-
rent write parallel machines. In Structures in Complexity Theory,

pages 322-333, July 1991.

D. Eppstein and Z. Galil. Parallel algorithmic techniques for com-
binatorial computing. Ann. Rev. Comput. Seci., 3:233-283, 1988.

F. Fich, M. Li, P. Ragde, and Y. Yesha. Lower bounds for parallel
random access machines with read only memory. Information and
Computation, 83(2):234-244, November 1989.

F. Fich, F. Meyer auf der Heide, and A. Wigderson. Lower bounds
for parallel random access machines with unbounded shared mem-
ory. In F. Preparata, editor, Advances in Computing Research,
volume 4, pages 1-15. JAI Press Inc., 1987.

F. Fich and V. Ramachandran. Lower bounds for parallel compu-
tation on linked structures. In Proceedings of the Symposium on
Parallel Algorithms and Architectures, July 1990.

F. Fich, P. Ragde, and A. Wigderson. Relations between
concurrent-write models of parallel computation. SIAM Journal
on Computing, 17:606-627, 1988. A preliminary version appeared
in the Proceedings of the Third ACM Symposium on Principles
of Distributed Computing, 1984, pages 179-189.

F. Fich, P. Ragde, and A. Wigderson. Simulations among between
concurrent-write PRAMs. Algorithmica, 3:43-51, 1988.

M. Furst, J.B. Saxe, and M. Sipser. Parity, circuits, and the
polynomial-time hierarchy. Math. Sys. Th., 17:13-27, 1984.

S. Fortune and J. Wyllie. Parallelism in random access machines.

In STOC, pages 114-118, 1978.



56 Chapter 21. The Complexity of Computation on the PRAM

[FW90]

[GNRS9]

[Gol82]

[Goo89]

[GRY0]

[GRS80]

[Has87]

[FTH86]

[HKP]

[HP89)]

[HRI0]

[KRI0]

F. Fich and A. Wigderson. Towards understanding exclusive read.

SIAM Journal on Computing, 19(4):718-727, August 1990.

E. Gafni, J. Naor, and P. Ragde. On separating the EREW and
CROW models. Theoretical Computer Science, 68(3):343-346,
1989.

L. Goldschlager. A unified approach to models of synchronous
parallel machines. Journal of the ACM, 29:1073-1086, 1982.

M. Goodrich. Intersecting line segments in parallel with an
output-sensitive number of processors. In Proceedings of the Sym-
postum on Parallel Algorithms and Architectures, pages 127-137,
June 1989.

V. Grolmusz and P. Ragde. Incomparability in parallel computa-
tion. Discrete Applied Mathematics, 29(1):63-78, November 1990.

R.L. Graham, B.L. Rothschild, and J.H. Spencer. Ramsey Theory.
John Wiley, New York, 1980.

J. Hastad. Computational Limitations for Small Depth Circuits.
MIT Press, Cambridge, Mass., 1987.

J. Hartmanis and L. Hemachandra. Complexity classes without
machines: On complete sets for UP. In ICALP, pages 123-135,
July 1986.

J. Hoover, M. Klawe, and N. Pippenger. Bounding Fan-Out in
Logical Networks. Journal of the ACM, 31(1):13-18, 1984.

S. Hornick and F. Preparata. Deterministic P-RAM simulation
with constant redundancy. In Proceedings of the Symposium on
Parallel Algorithms and Architectures, pages 103-109, June 1989.

T. Hagerup and T. Radzik. Every robust CRCW PRAM can
efficiently simulate a PRIORITY PRAM. In Proceedings of the
Symposium on Parallel Algorithms and Architectures, pages 117—
124, 1990.

R. Karp and V. Ramachandran. A survey of parallel algorithms for
shared-memory machines. In Handbook of Theoretical Computer
Science, volume A. MIT Press, 1990.



[KRS90]

[Kuc82]

[LPV&I1]

[LYS6]

[LYS87]

[LY89]

[MR84]

[MV84]

[MW87]

[Nis89]

[NS81]

[NS92]

21.4 Lower Bound Techniques 57

C. Kruskal, L. Rudolph, and M. Snir. A complexity theory of effi-
cient parallel algorithms. Theoretical Computer Seience, 71(1):95—
132, 1990.

L. Kucera. Parallel computation and conflicts in memory access.
Information Processing Letters, 14(2):93-96, 1982.

G. Lev, N. Pippenger, and L.G. Valiant. A fast parallel algorithm
for routing in permutation networks. /EEE Trans. Comput., C-

30:93-100, 1981.

M. Li and Y. Yesha. New lower bounds for parallel computation.

In STOC, pages 177187, 1986.

M. Li and Y. Yesha. The probabilistic and deterministic parallel
complexity of symmetric functions. In ICALP, pages 326-335,
1987.

M. Li and Y. Yesha. New lower bounds for parallel computation.

Journal of the ACM, 36(3):671-680, 1989.

F. Meyer auf der Heide and R. Reischuk. Limits to speed up par-
allel machines by large hardware and unbounded communication.

In FOCS, volume 25, pages b6-64, 1984.

K. Mehlhorn and U. Vishkin. Randomized and deterministic sim-
ulation of prams by parallel machines with restricted granularity
of parallel memories. Acta Informatica, 21:339-374, 1984.

F. Meyer auf der Heide and A. Wigderson. The complexity of par-
allel sorting. SIAM Journal on Computing, 16(1):100-107, Febru-
ary 1987.

N. Nisan. CREW PRAMS and decision trees. In STOC, pages
327-335, 1989.

D. Nassimi and S. Sahni. Data broadcasting in SIMD computers.
IEEFE Trans. Comput., C-30:101-107, 1981.

N. Nisan and M. Szegedy. On the degree of boolean functions as
real polynomials. In STOC, 1992.



58 Chapter 21. The Complexity of Computation on the PRAM

[PY91]

[Raga]

[Ragb]

[Ran87]

[RSSW8S]

[Rub]

[Ruz]

[Sch80]

[Sim82]

[Smi90]

[Smo87]

[Sni]

[Sni85]

[SV81]

I. Parberry and P. Yan. Improved upper and lower time bounds
for parallel random access machines without simultaneous writes.

SIAM Journal on Computing, 20:88-99, 1991.
P. Ragde. unpublished manuscript.

P. Ragde. Processor-time tradeoffs in PRAM simulations. Journal
of Computer and System Sciences, 44, 1992.

A. Ranade. How to emulate shared memory. In FOCS, pages
185-194, 1987.

P. Ragde, W. Steiger, E. Szemeredi, and A. Wigderson. The
parallel complexity of element distinctness is w((logn)'/?). STAM
J. Dis. Math., 1:399-410, 1988.

D. Rubinstein. personal communication.
W.L. Ruzzo. personal communication, cited in [BH89, Bea87].

J. T. Schwartz. Ultracomputers. ACM Trans. Programmang Lang.
Systems, 2:484-521, 1980.

H. Simon. A tight w(loglogn) bound on the time for parallel
RAM’s to compute nondegenerate boolean functions. Information

and Control; 55:102-107, 1982.

Burton Smith. The tera computer system. In Proceedings of
the ACM International Conference on Supercomputing, pages 1-7,
1990.

R. Smolensky. Algebraic methods in the theory of lower bounds
for boolean circuit complexity. In STOC, pages 77-82, 1987.

M. Snir. private communication.

M. Snir. On parallel searching. SIAM Journal on Computing,
14(3):688-708, August 1985.

Y. Shiloach and U. Vishkin. Finding the maximum, merging, and
sorting in a parallel computation model. J. Algorithms, 2:88-102,
1981.



[SV84]

[SV85]

[SV90]

[Sze89)

[Tar88]

[TLRSS

[Tra88]

[UWS87]

[Vis83]

[VWS85]

[WZ88]

21.4 Lower Bound Techniques 59

L. Stockmeyer and U. Vishkin. Simulation of parallel random
access machines by circuits. STAM Journal on Computing, 13:404—
422, 1984.

S. Skyum and L. Valiant. A complexity theory based on boolean
algebra. Journal of the ACM, 32:484-502, 1985.

B. Schieber and U. Vishkin. Finding all nearest neighbors for
convex polygons in parallel: A new lower bound technique and a
matching algorithm. Discrete Applied Mathematics, 29(1):97-112,
November 1990.

G. Szegedy. Algebraic Methods in Lower Bounds for Computa-
tional Models with Limited Communication. PhD thesis, Univer-
sity of Chicago, 1989.

G. Tardos. Query complexity, or why is it difficult to separate
np® Nco— np® from p® by a random oracle a7, 1988. manuscript.

J. Trahan, M.C. Loui, and V. Ramachandran. Multiplication,
division, and shift instruction in parallel random access machines.

In Proc. 22nd Conf. Inf. Sci. Syst., pages 126-130, 1988.

J. Trahan. Instruction Sets for Parallel Random Access Machines.
PhD thesis, University of Illinois, Urbana-Champaign, 1988.

E. Upfal and A. Wigderson. How to share memory in a distributed
system. Journal of the ACM, 34:116-127, 1987.

U. Vishkin. Implementation of simultaneous memory access in

models that forbid 1t. J. Alg., 4:45-50, 1983.

U. Vishkin and A. Wigderson. Trade-offs between depth and
width in parallel computation. SIAM Journal on Computing,
14:303-314, 1985. FOCS 1983, pages 146-153.

I. Wegener and L. Zadori. A note on the relations between crit-
ical and sensitive complexity. Technical Report 256, Universitat
Dortmund, 1988.



-

Prefix Sums
and Their Applications

Guy E. Blelloch

School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213-3890

35



36 Chapter 1.  Prefix Sums and Their Applications

1.1
Introduction

Experienced algorithm designers rely heavily on a set of building blocks
and on the tools needed to put the blocks together into an algorithm. The
understanding of these basic blocks and tools is therefore critical to the un-
derstanding of algorithms. Many of the blocks and tools needed for parallel
algorithms extend from sequential algorithms, such as dynamic-programming
and divide-and-conquer, but others are new.

This chapter introduces one of the simplest and most useful building
blocks for parallel algorithms: the all-prefiz-sums operation. The chapter de-
fines the operation, shows how to implement it on a PRAM and illustrates
many applications of the operation. In addition to being a useful building
block, the all-prefix-sums operation is a good example of a computation that
seems inherently sequential, but for which there is an efficient parallel algo-
rithm. The operation is defined as follows:

DEFINITION

The all-prefix-sums operation takes a binary associative operator ®, and
an ordered set of n elements

[ag, a1,y ..., an—1],
and returns the ordered set

[ao, (a0 ® a1), ..., (ag D a1 & ... ® an—1)].
For example, if @ is addition, then the all-prefix-sums operation on the ordered
set

B 1 7 0 4 1 6 3]
would return

B 4 11 11 14 16 22 25].

The uses of the all-prefix-sums operation are extensive. Here is a list of
some of them:

1. To lexically compare strings of characters. For example, to deter-
mine that "strategy" should appear before "stratification" in
a dictionary (see Problem 2).
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2. To add multi precision numbers. These are numbers that cannot
be represented in a single machine word (see Problem 3).

3. To evaluate polynomials (see Problem 6).

To solve recurrences. For example, to solve the recurrences

x; = a;xi—1 + bjxi—2 and x; = a; + b;/x;—1 (see Section 1.4).

To implement radix sort (see Section 1.3).

To implement quicksort (see Section 1).

To solve tridiagonal linear systems (see Problem 12).

To delete marked elements from an array (see Section 1.3).

e

© o Now

To dynamically allocate processors (see Section 1.6).

10. To perform lexical analysis. For example, to parse a program into
tokens.

11. To search for regular expressions. For example, to implement the
UNIX grep program.

12. To implement some tree operations. For example, to find the depth
of every vertex in a tree (see Chapter 3).

13. To label components in two dimensional images.

In fact, all-prefix-sums operations using addition, minimum and max-
imum are so useful in practice that they have been included as primitive
instructions in some machines. Researchers have also suggested that a sub-
class of the all-prefix-sums operation be added to the PRAM model as a “unit
time” primitive because of their efficient hardware implementation.

Before describing the implementation we must consider how the def-
inition of the all-prefix-sums operation relates to the PRAM model. The
definition states that the operation takes an ordered set, but does not specify
how the ordered set is laid out in memory. One way to lay out the elements
is in contiguous locations of a vector (a one dimensional array). Another way
is to use a linked-list with pointers from each element to the next. It turns
out that both forms of the operation have uses. In the examples listed above,
the component labeling and some of the tree operations require the linked-list
version, while the other examples can use the vector version.

Sequentially, both versions are easy to compute (see Figure 1.1). The
vector version steps down the vector, adding each element into a sum and
writing the sum back, while the linked-list version follows the pointers while
keeping the running sum and writing it back. The algorithms in Figure 1.1 for
both versions are inherently sequential: to calculate a value at any step, the
result of the previous step is needed. The algorithms therefore require O(n)
time. To execute the all-prefix-sums operation in parallel, the algorithms must
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proc all-prefix-sums(Out, In) proc all-prefix-sums(Out, In)

i+<—20 i« 0

sum < In[0] sum < In[0].value

Out [0] < sum Out[0] « sum

while (i < length) while (In[i].pointer # EOL)
i— i+ 1 i « In[i].pointer
sum < sum + In[i] sum < sum + In[i].value
Out[i] <« sum Out[i] <« sum

Vector Version List Version
FIGURE 1.1

Sequential algorithms for calculating the all-prefix-sums operation with oper-
ator + on a vector and on a linked-list. In the list version, each element of In
consists of two fields: a value (.value), and a pointer to the next position in
the list (.pointer). EOL means the end-of-list pointer.

be changed significantly.
The remainder of this chapter is concerned with the vector all-prefix-
sums operation. We will henceforth use the term scan for this operation.!

DEFINITION

The scan operation is a vector all-prefix-sums operation.

Chapters 2, 3 and 4 discuss uses of the linked-list all-prefix-sums operation
and derive an optimal deterministic algorithm for the problem on the PRAM.

Sometimes it is useful for each element of the result vector to contain
the sum of all the previous elements, but not the element itself. We call such
an operation, a prescan.

DEFINITION

The prescan operation takes a binary associative operator @ with identity
I, and a vector of n elements

[GO, A1y .eey an—1]7

1The term scan comes from the computer language APL.
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and returns the vector

[I, ap, (CLO D CLl), ceey (CLO DarD...D an,g)].

A prescan can be generated from a scan by shifting the vector right by one and
inserting the identity. Similarly, the scan can be generated from the prescan
by shifting left, and inserting at the end the sum of the last element of the
prescan and the last element of the original vector.

1.2
Implementation

This section describes an algorithm for calculating the scan operation in
parallel. For p processors and a vector of length n on an EREW PRAM, the
algorithm has a time complexity of O(n/p + lgp). The algorithm is simple
and well suited for direct implementation in hardware. Chapter 4 shows
how the time of the scan operation with certain operators can be reduced to
O(n/p+1gp/lglgp) on a CREW PRAM.

Before describing the scan operation, we consider a simpler problem,
that of generating only the final element of the scan. We call this the reduce
operation.

DEFINITION

The reduce operation takes a binary associative operator ® with identity
i, and an ordered set [ag,an,...,an—1] of n elements, and returns the
value ag B a1 ... D an_1.

Again we consider only the case where the ordered set is kept in a vector.
A balanced binary tree can be used to implement the reduce operation by
laying the tree over the values, and using @ to sum pairs at each vertex (see
Figure 1.2a). The correctness of the result relies on @ being associative. The
operator, however, does not need to be commutative since the order of the
operands is maintained. On an EREW PRAM, each level of the tree can be
executed in parallel, so the implementation can step from the leaves to the
root of the tree (see Figure 1.2b); we call this an up-sweep. Since the tree is
of depth [lgn], and one processor is needed for every pair of elements, the
algorithm requires O(lgn) time and n/2 processors.

If we assume a fixed number of processors p, with n > p, then each
processor can sum an n/p section of the vector to generate a processor sum; the
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(a) Executing a +-reduce on a tree.

for d from 0 to (Ign)—1
in parallel for i from 0 to n —1 by 2¢t!
ali + 2471 — 1] «— afi + 2% — 1] + afi + 291 — 1]

Step Vector in Memory
0 [ [0] [6] ]
1 (3 7 1 6 [9]]
2 [3 4 7 4 5 6 ]
3 [3 4 7 11 4 5 6 ]
(b) Executing a +-reduce on a PRAM.
FIGURE 1.2

An example of the reduce operation when @ is integer addition. The boxes
in (b) show the locations that are modified on each step. The length of the
vector is n and must be a power of two. The final result will reside in a[n—1].

tree technique can then be used to reduce the processor sums (see Figure 1.3).
The time taken to generate the processor sums is [n/p], so the total time
required on an EREW PRAM is:

Tr(n,p) = [n/p] + [lgp] = O(n/p+lgp). (1.1)

When n/p > lgp the complexity is O(n/p). This time is an optimal speedup
over the sequential algorithm given in Figure 1.1.
We now return to the scan operation. We actually show how to imple-
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in parallel for each processor i
sum[i] < a[(n/p)i]
for j from 1 to n/p
sum[i] <« sum[i] + a[(n/p)i+ j]
result « +-reduce(sum)

4 7 1 0 5 2 6 4 8 1 9 5]
—_— Y Y N~

processor 0  processor 1  processor 2 processor 3

Processor Sums = [12 7 18 15]
Total Sum = 52

FIGURE 1.3
The +-reduce operation with more elements than processors. We assume that
n/p is an integer.

ment the prescan operation; the scan is then determined by shifting the result
and putting the sum at the end. If we look at the tree generated by the reduce
operation, it contains many partial sums over regions of the vector. It turns
out that these partial sums can be used to generate all the prefix sums. This
requires executing another sweep of the tree with one step per level, but this
time starting at the root and going to the leaves (a down-sweep). Initially,
the identity element is inserted at the root of the tree. On each step, each
vertex at the current level passes to its left child its own value, and it passes
to its right child, & applied to the value from the left child from the up-sweep
and its own value (see Figure 1.4a).

Let us consider why the down-sweep works. We say that vertex x pre-
cedes vertex y if « appears before y in the preorder traversal of the tree (depth
first, from left to right).

THEOREM 1.1

After a complete down-sweep, each vertex of the tree contains the sum
of all the leaf values that precede it.

PROOF

The proof is inductive from the root: we show that if a parent has the
correct sum, both children must have the correct sum. The root has no
elements preceding it, so its value is correctly the identity element.
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Up Sweep Down Sweep

3] [ [7] [o] L] [o] [e] [3] [of [3] [2] [of [u] [s] [16] [22]

sum[v] = sum[L[v]]+sum[R[v]] prescan[L[v]] = prescan[v]
prescan[R[v]] = sum[L[v]] + prescan[v]

(a) Executing a +-prescan on a tree.

procedure down-sweep (A)
aln—1] <0 % Set the identity
for d from (lgn) —1 downto 0
in parallel for i from 0 to n—1 by 27¢*!
t—afi+2%—1] % Save in temporary
ali +2¢ — 1] « afi + 2%+ —1] % Set left child
ali +21 — 1] «—t +afi + 291 — 1] % Set right child

Step Vector in Memory
0 [ [0] [6] ]
up 1 [3 7 4 6 [9]]
2 [3 4 7 4 5 6 ]
3 [3 4 7 11 4 5 6 ]
clear 4 [3 4 7 11 4 5 6 [0]]
down 5 [3 4 7 0] 4 5 6 ]
6 3 [o] 7 4 6 ]
7 [[0] ]
(b) Executing a +-prescan on a PRAM.
FIGURE 1.4

A parallel prescan on a tree using integer addition as the associative operator
@, and 0 as the identity.
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V

R[V]

A | |

FIGURE 1.5
Illustration for Theorem 1.1.

Consider Figure 1.5. The left child of any vertex has exactly the same
leaves preceding it as the vertex itself (the leaves in region A in the
figure). This is because the preorder traversal always visits the left child
of a vertex immediately after the vertex. By the induction hypothesis,
the parent has the correct sum, so it need only copy this sum to the left
child.

The right child of any vertex has two sets of leaves preceding it, the leaves
preceding the parent (region A), and the leaves at or below the left child
(region B). Therefore, by adding the parent’s down-sweep value, which is
correct by the induction hypothesis, and the left-child’s up-sweep value,
the right-child will contain the sum of all the leaves preceding it. .

Since the leaf values that precede any leaf are the values to the left of
it in the scan order, the values at the leaves are the results of a left-to-right
prescan. To implement the prescan on an EREW PRAM, the partial sums
at each vertex must be kept during the up-sweep so they can be used during
the down-sweep. We must therefore be careful not to overwrite them. In fact,
this was the motivation for putting the sums on the right during the reduce
in Figure 1.2b. Figure 1.4b shows the PRAM code for the down-sweep. Each
step can execute in parallel, so the running time is 2 [lgn].

If we assume a fixed number of processors p, with n > p, we can use
a similar method to that in the reduce operation to generate an optimal
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(4 7 1 0 5 2 6 4 8 1 9 5]
processor 0  processor 1  processor 2  processor 3
Sum [12 7 18 15]
+-prescan = [0 12 19 37]
O 4 11 12 12 17 19 25 29 37 38 47T]
processor 0 processor 1 processor 2 processor 3
FIGURE 1.6

A +-prescan with more elements than processors.

algorithm. Each processor first sums an n/p section of the vector to generate
a processor sum, the tree technique is then used to prescan the processor
sums. The results of the prescan of the processor sums are used as an offset
for each processor to prescan within its n/p section (see Figure 1.6). The time
complexity of the algorithm is:

Ts(n,p) = 2([n/p] + [lgp]) = O(n/p+1gn) (1.2)

which is the same order as the reduce operation and is also an optimal speedup
over the sequential version when n/p > lgp.

This section described how to implement the scan (prescan) operation.
The rest of the chapter discusses its applications.

1.3
Line-of-Sight and Radix-Sort

As an example of the use of a scan operation, consider a simple line-of-
sight problem. The line-of-sight problem is: given a terrain map in the form of
a grid of altitudes and an observation point X on the grid, find which points
are visible along a ray originating at the observation point (see Figure 1.7).

A point on a ray is visible if and only if no other point between it and the
observation point has a greater vertical angle. To find if any previous point has
a greater angle, the altitude of each point along the ray is placed in a vector
(the altitude vector). These altitudes are then converted to angles and placed
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procedure line-of-sight(altitude)
in parallel for each index i
angle[i] « arctan(scale x (altitude[i] - altitude[0])/ %)
max-previous-angle « max-prescan(angle)
in parallel for each index i
if (angle[¢] > max-previous-angle[:])
result[i] « "visible"
else
result[i] < not "visible"

600 - —

100 —

B

IR

Angle Vector

|

Max-Scan of Angle Vector

Altitude Map Ray Vectors

FIGURE 1.7

The line-of-sight algorithm for a single ray. The X marks the observation
point. The visible points are shaded. A point on the ray is visible if no
previous point has a greater angle.

in the angle vector (see Figure 1.7). A prescan using the operator maximum
(max-prescan) is then executed on the angle vector, which returns to each point
the maximum previous angle. To test for visibility each point only needs to
compare its angle to the result of the max-prescan. This can be generalized to
finding all visible points on the grid. For n points on a ray, the complexity of
the algorithm is the complexity of the scan, Ts(n,p) = O(n/p +1gn) on an
EREW PRAM.

We now consider another example, a radiz sort algorithm. The algorithm
loops over the bits of the keys, starting at the lowest bit, executing a split
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procedure split-radix-sort (A, number-of-bits)
for ¢ from 0 to (number-of-bits — 1)
A — split(A, A®3))
A = [5 7T 3 1 4 2 7 2]
A(0) 1 1 1 1 0 0 1 0]
A — split(A, A{0)) [4 2 2 5 7 3 1 7]
A(1) [0 1 1 0 1 1 0 1]
A — split(A, A(1)) [4 5 1 2 2 7T 3 7]
A(2) [1 1 0 0 0 1 0 1]
A — split(A, A(2)) 1 2 2 3 4 5 7 7]

FIGURE 1.8

An example of the split radix sort on a vector containing three bit values. The
A(n) notation signifies extracting the n‘" bit of each element of the vector A.
The split operation packs elements with a 0 flag to the bottom and with a 1
flag to the top.

operation on each iteration (assume all keys have the same number of bits).
The split operation packs the keys with a 0 in the corresponding bit to the
bottom of a vector, and packs the keys with a 1 in the bit to the top of
the same vector. It maintains the order within both groups. The sort works
because each split operation sorts the keys with respect to the current bit
(0 down, 1 up) and maintains the sorted order of all the lower bits since we
iterate from the bottom bit up. Figure 1.8 shows an example of the sort.

We now consider how the split operation can be implemented using a
scan. The basic idea is to determine a new index for each element and then
permute the elements to these new indices using an exclusive write. To de-
termine the new indices for elements with a 0 in the bit, we invert the flags
and execute a prescan with integer addition. To determine the new indices of
elements with a 1 in the bit, we execute a +-scan in reverse order (starting at
the top of the vector) and subtract the results from the length of the vector
n. Figure 1.9 shows an example of the split operation along with code to
implement it.

Since the split operation just requires two scan operations, a few steps
of exclusive memory accesses, and a few parallel arithmetic operations, it has
the same asymptotic complexity as the scan: O(n/p + lgp) on an EREW
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procedure split(A, Flags)
I-down « +-prescan(not(Flags))
I-up +« n - +-scan(reverse-order(Flags))
in parallel for each index i
if (Flagsli])
Index[i] <« I-upli]
else
Index[i] «— I-downl[i]
result < permute(A, Index)

A (5 7 3 1 4 2 7 2]
Flags 1 1 1 1 0 0 1 0]
I-down [0 0 0 0 [0] 2 ]
L-up = [ [6] 6 6 7]
Index (3 4 5 6 0 1 7 2]
permute(A, Index) = [4 2 2 5 7 3 1 7]

FIGURE 1.9

The split operation packs the elements with a 0 in the corresponding flag
position to the bottom of a vector, and packs the elements with a 1 to the
top of the same vector. The permute writes each element of A to the index
specified by the corresponding position in Index.

PRAM.? If we assume that n keys are each O(lgn) bits long, then the overall
algorithm runs in time:

n n
O((E +1gp)lgn) = O(E lgn +1gnlgp).

1.4
Recurrence Equations

This section shows how various recurrence equations can be solved using
the scan operation. A recurrence is a set of equations of the form
v = fil®i-1,Ti2, 0, Tiem), m<i<n (1.3)

20n an CREW PRAM we can use the scan described in Chapter 4 to get a time of O(n/p+
lgp/lglgp).
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along with a set of initial values =g, -+, T;m—1.
The scan operation is the special case of a recurrence of the form

ao 1 =0

i = . 14
v {:zzl-lGBai 0<17<n, ( )

where @ is any binary associative operator. This section shows how to reduce
a more general class of recurrences to equation (1.4), and therefore how to
use the scan algorithm discussed in Section 1.2 to solve these recurrences in
parallel.

1.4.1 First-Order Recurrences

We initially consider first-order recurrences of the following form

bo i=0
i = . 1.5
) {(331'1@04')@171' 0<i<n, (1.5)

where the a;’s and b;’s are sets of n arbitrary constants (not necessarily scalars)
and @ and ® are arbitrary binary operators that satisfy three restrictions:

1. @ is associative (i.e. (a®b)Dc=a® (bDc)).
® is semiassociative (i.e. there exists a binary associative operator
©® such that (a®b)®c=a® (b c)).

3. ® distributes over @ (ie. a® (b®c) = (a®b) ® (a ® ¢)).

The operator ® is called the companion operator of ®. If ® is fully associative,
then ® and ® are equivalent.
We now show how (1.5) can be reduced to (1.4). Consider the set of
pairs
C; = [ai, bl] (16)

and define a new binary operator e as follows:
Ccp®Cj = [Ci,a ® ¢ja, (Ci,b & Cj_’a) D Cj)b] (17)

where ¢; , and ¢;p are the first and second elements of ¢;, respectively.
Given the conditions on the operators @ and ®, the operator e is asso-
ciative as we show below:

(cioci)ecy
= [Cia ®Cja, (Cip @ Cja) D cipl®cy
= [(Cia ©¢ja) O, (((Cip @ Cja) DCip) @ Cha) D Ch )
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= [Cia ® (¢ja @ cha)s ((Cip @ Cja) ® cha) @ ((¢p @ Chia) B Chp)]
[Ci,a © (Ca © Chya), (Cip @ (Cja © Chya)) @ ((¢jp @ Chya) D Crp)]
¢i ®[Cja © Char (Cjp @ Chia) ® Crp)
= cio(cjeocy)
We now define the ordered set s; = [y;, z;], where the y; obey the recur-
rence

an 1=0

i = ) 1.8
Y {?ﬁ—l@(li 0<i<n, (1.8)

and the z; are from (1.5). Using (1.5), (1.6) and (1.8) we obtain:

so = [0,
[ao, bo]
= ¢
si = [yi ] 0<i<n

Yie1 O Cirq, (Tic1 ® Cia) B Cip)
Yi-1,Ti—1] @ ¢;

= S;—19¢C;.

Since e is associative, we have reduced (1.5) to (1.4). The results x; are just
the second values of s; (the s; ). This allows us to use the scan algorithm of
Section 1.2 with operator e to solve any recurrence of the form (1.5) on an
EREW PRAM in time:

(To +Te + Te)Ts(n,p) = 2(Te + Tg + Tw)(n/p +1gp) (1.9)

where Ty, Tg and Ty are the times taken by ®, ® and @ (e makes one call to
each). If all that is needed is the final value z,,_1, then we can use a reduce
instead of scan with the operator e, and the running time is:

(To + Ty + Te)Tr(n,p) = (To + Ty + Te)(n/p + lgp) (1.10)

which is asymptotically a factor of 2 faster than (1.9).

Applications of first-order linear recurrences include the simulation of
various time-varying linear systems, the backsubstitution phase of tridiagonal
linear-systems solvers, and the evaluation of polynomials.
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1.4.2 Higher Order Recurrences

We now consider the more general order m recurrences of the form:
X = ' (1.11)
(ic1 ®ai1) D D (Timm Qaim) Db, m<i<n

where @ and ® are binary operators with the same three restrictions as
in (1.5): @ is associative, ® is semiassociative, and ® distributes over &.
To convert this equation into the form (1.5), we define the following
vector of variables:

S; = [ Ti o Ti—m+1 ] (112)

[ain 1 0 0]
0 1
si = [z Timm | O(v) 0] @wl[b 0 0]
0 0 1
| dim O 0 0
= (8i-1 ®) Ai) B Bi (1.13)

where ®,) is vector-matrix multiply and @,y is vector addition. If we use

matrix-matrix multiply as the companion operator of ®(,), then (1.13) is in
the form (1.5). The time taken for solving equations of the form (1.11) on an
EREW PRAM is therefore:

(Tm@m(m)+Togm(m)+Toew(m))Ts(n, p) = O((n/p+1g p)Tmem(m)) (1.14)

where Ty,@m(m) is the time taken by an m ® m matrix multiply. The sequen-
tial complexity for solving the equations is O(nm), so the parallel complexity
is optimal in n when n/p > lgp, but is not optimal in m—the parallel algo-
rithm performs a factor of O(Tagar(m)/m) more work than the sequential
algorithm.

Applications of the recurrence (1.11) include solving recurrences of the
form x; = a; +b;/x;—1 (see problem 10), and generating the first n Fibonacci
numbers xg = x1 = 1, ; = x;—1 + 2;—2 (see problem 11).
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a - 5 1 3 4 3 9 2 ¢
f i 0 1 0 0 0 1 0
segmented +-scan = [ 6 3 7 10 19 2 g
segmented max-scan = [ 5 3 4 4 9 2 6

FIGURE 1.10
The segmented scan operations restart at the beginning of each segment. The
vector f contains flags that mark the beginning of the segments.

1.5
Segmented Scans

This section shows how the vector operated on by a scan can be broken into
segments with flags so that the scan starts again at each segment boundary
(see Figure 1.10). Each of these scans takes two vectors of values: a data vector
and a flag vector. The segmented scan operations present a convenient way
to execute a scan independently over many sets of values. The next section
shows how the segmented scans can be used to execute a parallel quicksort,
by keeping each recursive call in a separate segment, and using a segmented
+-scan to execute a split within each segment.
The segmented scans satisfy the recurrence:

an =0
xr; = { a; fz =1
(i1 ® a;) fi=0

1.1
O0<i<n (1.15)

where @ is the original associative scan operator. If & has an identity Ig,
then (1.15) can be written as:

o ao 1=20
i = {(Izl xsfi)EBai O0<i<n (116)

where X is defined as:

_ Iy f=1
T Xs f = {x F—o. (1.17)

This is in the form (1.5) and X, is semiassociative with logical or as the
companion operator (see Problem 9). Since we have reduced (1.15) to the
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form (1.5), we can use the technique described in Section 1 to execute the
segmented scans in time

(Tor + Tx, +Tg)Ts(n,p) . (1.18)

This time complexity is only a small constant factor greater than the
unsegmented version since or and X are trivial operators.

1.5.1 Example: Quicksort

To illustrate the use of segmented scans, we consider a parallel version
of quicksort. Similar to the standard sequential version, the parallel version
picks one of the keys as a pivot value, splits the keys into three sets—keys
lesser, equal and greater than the pivot—and recurses on each set.> The
parallel algorithm has an expected time complexity of O(Ts(n,p) lgn) =
O(3lgn+ 1g% n).

The basic intuition of the parallel version is to keep each subset in its
own segment, and to pick pivot values and split the keys independently within
each segment. Figure 1.11 shows pseudocode for the parallel quicksort and
gives an example. The steps of the sort are outlined as follows:

1. Check if the keys are sorted and exit the routine if they are.
Each processor checks to see if the previous processor has a lesser
or equal value. We execute a reduce with logical and to check if all
the elements are in order.

2. Within each segment, pick a pivot and distribute it to the other
elements.
If we pick the first element as a pivot, we can use a segmented scan
with the binary operator copy, which returns the first of its two
arguments:

a «— copy(a,b) .

This has the effect of copying the first element of each segment
across the segment. The algorithm could also pick a random ele-
ment within each segment (see Problem 15).

3. Within each segment, compare each element with the pivot and
split based on the result of the comparison.
For the split, we can use a version of the split operation described in
Section 1.3 which splits into three sets instead of two, and which is

3We do not need to recursively sort the keys equal to the pivot, but the algorithm as
described below does.
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procedure quicksort(keys)
seg-flags[0] «— 1
while not-sorted(keys)
pivots «— seg-copy(keys, seg-flags)
f < pivots <=> keys
keys «— seg-split(keys, f, seg-flags)
seg-flags «— new-seg-flags(keys, pivots, seg-flags)

Key 64 92 34 16 87 41 92 34
Seg-Flags [1 0 0 0 0 0 0 0]
Pivots 64 64 64 64 64 64 64 6.4]
F = [= > << > < > <]
Key «— split(Key, F) = [3.4 16 41 34 64 92 87 9.2
Seg-Flags = |1 0 0 0 1 1 0 0]
Pivots 34 34 34 34 64 92 92 92
Key — split(Key, F) = [L.6 34 34 41 64 87 92 9.2
Seg-Flags 1 1 0 1 1 1 1 0]
FIGURE 1.11

An example of parallel quicksort. On each step, within each segment, we dis-
tribute the pivot, test whether each element is equal-to, less-than or greater-
than the pivot, split into three groups, and generate a new set of segment
flags. The operation <=> returns one of three values depending on whether
the first argument is less than, equal to or greater than the second.

segmented. To implement such a segmented split, we can use a seg-
mented version of the +-scan operation to generate indices relative
to the beginning of each segment, and we can use a segmented copy-
scan to copy the offset of the beginning of each segment across the
segment. We then add the offset to the segment indices to generate
the location to which we permute each element.

4. Within each segment, insert additional segment flags to separate
the split values.
Knowing the pivot value, each element can determine if it is at the
beginning of the segment by looking at the previous element.

5. Return to step 1.
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Each iteration of this sort requires a constant number of calls to the scans
and to the primitives of the PRAM. If we select pivots randomly within each
segment, quicksort is expected to complete in O(lg n) iterations, and therefore
has an expected running time of O(lgn - Ts(n, p)).

The technique of recursively breaking segments into subsegments and
operating independently within each segment can be used for many other
divide-and-conquer algorithms, such as mergesort.

1.6
Allocating Processors

Consider the following problem: given a set of processors, each contain-
ing an integer, allocate that integer number of new processors to each initial
processor. Such allocation is necessary in the parallel line-drawing routine
described in Section 1. In this line-drawing routine, each processor calcu-
lates the number of pixels in the line and dynamically allocates a processor
for each pixel. Allocating new elements is also useful for the branching part
of many branch-and-bound algorithms. Consider, for example, a brute force
chess-playing algorithm that executes a fixed-depth search of possible moves
to determine the best next move. We can test or search the moves in parallel
by placing each possible move in a separate processor. Since the algorithm
dynamically decides how many next moves to generate (depending on the
position), we need to dynamically allocate new processing elements.

More formally, given a length [ vector A with integer elements a;, allo-
cation is the task of creating a new vector B of length

-1
L=> a (1.19)
=0

with a; elements of B assigned to each position i of A. By assigned to, we
mean that there must be some method for distributing a value at position ¢ of
a vector to the a; elements which are assigned to that position. Since there is
a one-to-one correspondence between elements of a vector and processors, the
original vector requires [ processors and the new vector requires L processors.
Typically, an algorithm does not operate on the two vectors at the same time,
so that we can use the same processors for both.

Allocation can be implemented by assigning a contiguous segment of
elements to each position i of A. To allocate segments we execute a +-prescan
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V = [1)1 V2 1)3]
A = [ 1 3]
Hpointers < +-prescan(A) = [0 4 5]
Segment-flag = [l o o0 o0 1 1 0 0]
distribute(V, Hpointers) = [v1 v1 v1 v vy v3 w3 03]
index(Hpointers) = [0 1 2 3 0 o0 1 2]
FIGURE 1.12

An example of processor allocation. The vector A specifies how many new
elements each position needs. We can allocate a segment to each position by
applying a —+-prescan to A and using the result as pointers to the beginning
of each segment. We can then distribute the values of V to the new elements
with a permute to the beginning of the segment and a segmented copy-scan
across the segment.

on the vector A that returns a pointer to the start of each segment (see Fig-
ure 1.12). We can then generate the appropriate segment flags by writing a
flag to the index specified by the pointer. To distribute values from each posi-
tion 7 to its segment, we write the values to the beginning of the segments and
use a segmented copy-scan operation to copy the values across the segment.
Allocation and distribution each require one call to a scan and therefore have
complexity Ts(l,p) and Ts(L, p) respectively.

Once a segment has been allocated for each initial element, it is often
necessary to generate indices within each segment. We call this the index
operation, and it can be implemented with a segmented +-prescan.

1.6.1 Example: Line Drawing
As an example of how allocation is used, consider line drawing. The
line-drawing problem is: given a set of pairs of points

((mo,%0) : (£0,90)), -+ ((Tn—1,Yn—-1) : (Fn-1,Tn-1)) ,

generate all the locations of pixels that lie between on of the pairs of points.
Figure 1.13 illustrates an example. The routine we discuss returns a vector of
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procedure line-draw(x, y)
in parallel for each line i
% determine the length of the line
length[i] « max(|p2[i].x — p1[i).x|, |p2[il.y — pilid.y)

% determine the z and y increments
Ali]l.x «— (polid.x — p1[i].x) / lengthli]
Alil.y « (p2lil.y — p1[il.y) / lengthl[:]

% distribute values and generate index
p) < distribute(p;, lengths)

A" « distribute(A, lengths)

index « index(lengths)

in parallel for each pixel j
% determine the final position
result[j].x « pj[j].x + round(index[j]l x A’[j].x)
result[j]l.y « pj[jl.y + round(index[j]1 x A’[j1.y)

10

FIGURE 1.13

The pixels generated by a line drawing routine. In this example the endpoints
are ((11,2) : (23,14)), ((2,13) : (13,8)), and ((16,4) : (31,4)). The algorithm
allocates 12, 11 and 16 pixels respectively for the three lines.
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(z,y) pairs that specify the position of each pixel along every line. If a pixel
appears in more than one line, it will appear more than once in the vector.
The routine generates the same set of pixels as generated by the simple digital
differential analyzer sequential technique.

The basic idea of the routine is for each line to allocate a processor
for each pixel in the line, and then for each allocated pixel to determine, in
parallel, its final position in the grid. Figure 1.13 shows the code. To allocate
a processor for each pixel, each line must first determine the number of pixels
in the line. This number can be calculated by taking the maximum of the x
and y differences of the line’s endpoints. Each line now allocates a segment of
processors for its pixels, and distributes one endpoint along with the per-pixel
x and y increments across the segment. We now have one processor for each
pixel and one segment for each line. We can view the position of a processor
in its segment as the position of a pixel in its line. Based on the endpoint the
slope and the position in the line (determined with a index operation), each
pixel can determine its final (z,y) location in the grid.

This routine has the same complexity as a scan T's(m,p), where m is
the total number of pixels. To actually place the points on a grid, rather than
just generating their position, we would need to permute a flag to a position
based on the location of the point. In general, this will require the simplest
form of concurrent-write (one of the values gets written), since a pixel might
appear in more than one line.

1.7

Exercises

1.1 Modify the algorithm in Figure 1.4 to execute a scan instead of a prescan.

1.2 Use the scan operation to compare two strings of length n in O(n/p + 1gp)
time on an EREW PRAM.

1.3 Given two vectors of bits that represent nonnegative integers, show how a
prescan can be used to add the two numbers (return a vector of bits that
represents the sum of the two numbers).

1.4 Trace the steps of the split-radix sort on the vector
[2 11 4 5 9 6 15 3].
1.5 Show that subtraction is semiassociative and find its companion operator.

1.6 Write a recurrence equation of the form (1.5) that evaluates a polynomial

y=bix" " F b P bz + by
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1.7

1.8
1.9
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for a given x.

Show that if ® has an inverse, the recurrence of the form (1.5) can be solved
with some local operations (not involving communication among processors)
and two scan operations (using ® and @ as the operators).

Prove that vector-matrix multiply is semiassociative.
Prove that the operator X, defined in (1.17) is semiassociative.

Show how the recurrence (i) = a(i) + b(i)/x(i — 1), where + is numeric
addition and / is division, can be converted into the form (1.11) with two
terms (m = 2).

Use a scan to generate the first n Fibonacci numbers.

Show how to solve a tridiagonal linear-system using the recurrences in Sec-
tion 1.4. Is the algorithm asymptotically optimal?

In the language Common Lisp, the % character means that what follows the
character up to the end of the line is a comment. Use the scan operation to
mark all the comment characters (everything between a % and an end-of-
line).
Trace the steps of the parallel quicksort on the vector

[27 11 51 5 49 36 15 23].

Describe how quicksort is changed so that it selects a random element within
each segment for a pivot.

Design an algorithm that given the radius and number of sides on a regular
polygon, determines all the pixels that outline the polygon.

Notes and References

The all-prefix-sums operation has been around for centuries as the recur-

rence x; = a; +x;_1. A parallel circuit to execute the scan operation was first
suggested by Ofman (1963) for the addition of binary numbers. A parallel
implementation of scans on a perfect shuffle network was later suggested by

Stone (1971) for polynomial evaluation. The optimal algorithm discussed in
Section 1.2 is a slight variation of algorithms suggested by Kogge and Stone
(1973) and by Stone (1975) in the context of recurrence equations.

Ladner and Fischer (1980) first showed an efficient general-purpose cir-

cuit for implementing the scan operation. Brent and Kung (1980), in the
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context of binary addition, first showed an efficient VLSI layout for a scan
circuit. More recent work on implementing scan operations in parallel include
the work of Fich (1983) and of Lakshmivarahan, Yang and Dhall (1987), which
give improvements over the circuit of Ladner and Fischer, and of Lubachevsky
and Greenberg (1987), which demonstrates the implementation of the scan
operation on asynchronous machines. Blelloch (1987) suggested that certain
scan operations be included in the PRAM model as primitives and shows how
this affects the complexity of various algorithms. Work on the linked-list-
based all-prefix-sums operation is considered and referenced in Chapters 2, 3
and 4.

The line-of-sight and radix-sort algorithms are discussed by Blelloch
(1988, 1990). The parallel solution of recurrence problems was first discussed
by Karp, Miller and Winograd (1967), and parallel algorithms to solve them
are given by Kogge and Stone (1973), Stone (1973, 1975) and Chen and Kuck
(1975). Hyafil and Kung (1977) show that the complexity (1.10) is a lower
bound.

Schwartz (1980) and, independently, Mago (1979) first suggested the
segmented versions of the scans. Blelloch (1990) suggested many uses of
these scans including the quicksort algorithm and the line-drawing algorithm
presented in Sections 1 and 1.

I would like to thank Siddhartha Chatterjee, Jonathan Hardwick and
Jay Sipelstein for reading over drafts of this chapter.
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