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5. VYHLEDAVANI b

- Mame sekvenci X = {x4, Xy, ..., X,} @ prvek x
- Mame za ukol zjistit, zda x = x, a pfipadné zjistit
K
- Optimalni sekvencni algoritmus
a) X neni sefazena - sekvencni vyhledavani
t(n)=0(n)  c¢(n)=0(n)
(je tfeba prozkoumat n prvku)
b) X je sefazena - binarni vyhledavani
t(n)=0(log n) c(n)=0(log n)
(pro rozliSeni mezi n prvky je tieba
prozkoumat log n prvku)

PDA 3

4 N
5.1 N-ary Search

« Vyhledava v sefazené posloupnosti

« Princip:
e Pfi binarnim vyhledavani zjistime v kazdém kroku ve které
poloviné se prvek nachazi za pomoci jednoho procesoru.
e S pouzitim N procesorl Ize provést N+1 arni vyhledavani - v
jednom kroku zjistime, ve které z N+1 ¢asti se muze prvek
nachazet

. Pocet krokl je g =[ log(n+1)/log(N+1) |

PDA 4
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- 89
Je tfeba CREW PRAM
— t(n) = O(log(n+1)/log(N+1)) = O(logy.(n+1))
— ¢(n) = O(N.logy.¢(n+1)) —coz neni optimalni
PDA 5
s
5.2 Unsorted Search
e vyhledava prvek v nesefazené posloupnosti
e model je PRAM s N procesory
Algoritmus
procedura SEARCH(S, x, k) { posloupnost, hledany prvek, vysledek}
1. for i = 1 to N do in parallel
read x
endfor
2. for i = 1 to N do in parallel
Si = {suyn.ewmtlr Sen.wmt2r -oor Si@m!
SEQUENTIAL SEARCH (S;, x, k;)
- paralelni Search vold sekvencni SEQUENTAL Search
endfor
3. for i = 1 to N do in parallel
if k; > 0 then k = k; endif
endfor
PDA 6
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Analyza
- EREW
— 1. krok =O(log n) 2. krok = O(n/N) 3.krok = O(log N)
— t(n) = O(log N + n/N) c(n) = O(N.log N + n)
- CREW
— 1. krok = O(1) 2. krok = O(n/N) 3.krok = O(log N)
— t(n) = O(log N + n/N) c(n) = O(N.log N + n)
- CRCW
— 1. krok = O(1) 2. krok = O(n/N) 3.krok = O(1)
— t(n) = O(n/N) c(n) = O(n) — coz je optimalni
PDA 7
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5.3 Tree Search

¢ Vyhledavani v nesefazené posloupnosti
e Stromova architektura s 2n-1 procesory

- Algoritmus

— 1. Kofen nacte hledanou hodnotu x a pfeda ji synim ... az se
dostane ke vSem listlim

— 2. Listy obsahuji seznam prvkd, ve kterych se vyhledava (kazdy
list jeden). VSechny listy paralelné porovnavaji x a x;, vysledek je
0 nebo 1.

— 3. Hodnoty v8ech listl se pfedaji kofenu
- kazdy ne list spocte logické or svych synl a vysledek za$le otci.
Kofen dostane 0 - nenalezeno, 1- nalezeno

- Analyza
— Krok (1) ma slozitost O(log n), krok (2) ma konstantni slozitost,
krok (3) ma O(log n).
— t(n) = O(log n) p(n) = 2.n-1
— ¢(n) = t(n).p(n) = O(n.log n) — coz neni optimalni

PDA 8
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Tree Search

PDA 9

Maticoveé algoritmy

PDA 10

Veskeré kopirovani, jak ¢aste¢né, tak celého dokumentu je bez pfedchoziho svoleni
© autora zakazano. Umisténi tohoto dokumentu na jakykoli (i nevefejny) server je
zakazano.



Paralelni a distribuované algoritmy

s A
6. TRANSPOZICE

Matici n x n s prvky a; prevést na matici s prvky a;

- Sekvencéni rfeseni:
procedure TRANSPOSE (A)
for i=2 to n do

a & as;

ij @
endfor

endfor

- Slozitost je O(n?).
- n je zde pocet radkd/sloupcti matice

PDA
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6.1 Mesh transpose

- MFizka n x n procesorl

- Kazdy procesor ma 3 registry
— A - obsahuje a;, a; po ukonceni
— B - hodnoty od pravého (horniho) souseda
— C - hodnoty od levého (dolniho) souseda

A=x A=1 A=2 X 1 2 X -4 2
B= [ B= [—B= 1 M 2 2 —
c= c= c= -4 -5

[ [ [ [ [ [ [ [
A=-4 A=y A=3 -4 y 3 1 y -6
B= [—B= [—B= — 3 1 T
C= C= C= -5 -6

| | | | | | | | |
A=-5 A=-6 A=z -5 -6 z -5 3 z
B= — B= — B= — — — —
C= C= C=

PDA
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X 4 2 X 4 5
siE L L
| | | | | |
1 y 6 1 y 6
2 — — — —
[ [ [ [ [ [
5 3 z 2 3 z
- Analyza
— Nejdelsi cesta prvku je 2(n-1) krokd, {j.
— t(n)=0(n)
— p(n)=n2acenac(n)=0(n®)  — neni optimalni
PDA 13
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EREW transpose

P21 —l

A

P32

P31
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procedure EREW TRANSPOSE (A)
for i=2 to n do in parallel
for j=1 to n-1 do in parallel
aj; @ ay;
endfor
endfor
- Analyza
- (n)=0(1)
= p(n) = (n*-n)/2 = O(n?)
— ¢(n) =0(n?) — oz je optimalni
PDA 15
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7. NASOBENI MATIC

- Soucin matic A (m x n) a B (n x k) je matice C (m
x k) kde:

Ciy = Z a;, * by I<=i<=m 1<=j<=k

Slozitost je O (n3)
Slozitost optimalniho algoritmu neni znama, je O (n*), kde 2<x<3
Zadny algoritmus nema lepsi sloZitost nez O (n2)

procedure MATRIX MULT (A, B, C)
for i=1 to m do
for j=1 to k do
c;y = 0
for s=1 to n do
Ci5=Ciy t (a5 * Dbgy)
endfor
endfor
endfor

PDA 16
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s ; ; ] . - R
Nasobeni matic — sdilena pamet

- Nerealisticka varianta

procedure MATRIX MULT (A, B, C)
for i=1 to m do in parallel
for j=1 to k do in parallel
ciy = 0
for s=1 to n do in parallel
Cij:Cl] + (alS * bsq)
endfor
endfor
endfor

- Realisticka varianta

procedure MATRIX MULT (A, B, C)
for i=1 to m do in parallel
for j=1 to k do in parallel
c;y =0
for s=1 to n do

Ciy=Cyy T (a;q * bﬂ)

endfor
endfor
endfor
PDA 17
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7.1 Mesh multiplication

« Mrizka n x k procesoru

« Prvky matic A a B se pfivadéji do procesorut 1. fadku a 1
sloupce

- Kazdy procesor P(i,j) obsahuje prvek c;

by

By
B - b by,
By bys
By ) L
A v v v
ay . ap ay —> [Py > [Py ]— ""’
dy, .. @n any . —’—"_‘ ‘_"‘
v v
v +
ISP PO [ ) Y s R
n-1
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Algoritmus
procedure MESH MULT (A, B, C)
for i=1 to m do in parallel
for j=1 to k do in parallel
c;y =0
while P(i,j) receives inputs a,b do
Cij; = €y + (a * b)
if i<m then send b to P(i+l, j)
if j<k then send a to P(i, j+1)
endwhile
endfor

endfor

Analyza
Prvky a4 a by, potfebuji m+k+n-2 kroku, aby se dostaly k
poslednimu procesoru P(m, k)

t(n) = O(n) p(n)=0(n?)

c(n) = O(nd) — coz neni optimalni
PDA 19

7.1.1 Nasobeni matice vektorem
- Soucin matice A (m x n) a vektoru U (n) je vektor
V (m) kde:
A :nZ agj; *ouy 1<=i<=m
PDA 20
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7.1.2 Linear array multiplication

- Linearni pole m procesorU, kazdy obsahuje jeden
prvek v;

Pl o o allal2 al3 al4

XI
8| x
P2 o a2l a2 a23 a24 j

X,

—

P3 .
a3l a32 33 ad4 e LE, |

@ ... dm a4y . '

ul
u2

u3
ub [ # .. A,,z as . —*é

n-l

PDA
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- Algoritmus
procedure LINEAR MV MULT
for i=1 to m do in parallel
vi =0
while Pi receives inputs a and u do
v, = v, + (a * u)
if i>1 then send u to P,_;
endwhile
endfor

- Analyza

— t(n) = m+n-1 =t(n)=0(n) p(n)=0(n)
— ¢(n)=0(n2) — coZ je optimalni

PDA

22
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s R
7.2 Tree MV multiplication

vl
v2

« Cas m+n-1 pfedchoziho
algoritmu je mozno
zlepsit na m-1+log n pfi
zdvojnasobeni poctu
procesorU

o Architekturaman
listovych procesoru
P,...P, a n-1 nelistovych
procesorU

- Listové procesory

. ’ . P TN T all al2  al3 al4
nasobi, nelistove sCitaji | 2y a3 4
a3l a32  a33 a34
PDA 23
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Algoritmus
procedure TREE MV MULT (A, U V)
do steps 1 and 2 in parallel
(1) for i=1 to n do in parallel
for j=1 to m do
send u;*d;; to parent
endfor
endfor
(2) for i=n+l to 2n-1 do in parallel
while P, receives two inputs do
compute the sum
if i<2n-1 then send result to parent
else write result

endif
endwhile
endfor
- Analyza
— t(n)=m-1+1log n = O(n)
— ¢(n)=0(n?) — coz je optimalni
PDA 24
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KONEC
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Searching

5.1 INTRODUCTION

Searching is one of the most fundamental operationsin the field of computing. It is
used in any application where we need to find out whether an element belongstoalist
or, more generaly, retrievefrom afileinformation associated with that element. In its
most basic form the searching problem is stated as follows: Given a sequence
S={s(,5,5,-..,8,) Of integers and an integer X, it is required to determine whether
X =s, for some s, in S

In sequential computing, the problem is solved by scanning the sequence S and
comparing X with its successiveelements until either an integer equal to x isfound or
the sequence is exhausted without success. Thisis given in what follows as procedure
SEQUENTIAL SEARCH. As soon as an s, in S is found such that x = s,, the
procedure returns k; otherwise 0 is returned.

procedure SEQUENTIAL SEARCH (S, x, k)

Stepl: (L) iet
(12) k<o
Step2  while(i <nandk =0)do
if s; =x thenk «iend if
i—i+1
end while. O

In the worst case, the procedure takes O(n) time. This is clearly optimal since every
element of S must be examined (when x is not in S) before declaring failure.
Alternatively, if S is sorted in nondecreasing order, then procedure BINARY
SEARCH of section 3.3.2 can return theindex of an element of Sequal to x (or 0 if no
such element exists) in O(log n) time. Again, this is optimal since this many bits are
needed to distinguish among the n elements of S.

In this chapter we discuss parallel searching algorithms. We begin by consider-
ing the case where Sissorted in nondecreasing order and show how searching can be
performed on theSM SIM D model. Asit turns out, our EREW searching algorithmis
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no faster than procedure BINARY SEARCH. On the other hand, the CREW
algorithm matchesa lower bound on the number of parallel stepsrequired to search a
sorted sequence, assuming that all the elements of S are distinct. When this
assumption is removed, a CRCW algorithm is needed to achieve the best possible
speedup. Wethen turn to the more general case wherethe elements of Sare in random
order. Here, although the SM SIMD algorithms are faster than procedure
SEQUENTIAL SEARCH, the same speedup can be achieved on a weaker model,
namely, a tree-connected SIMD computer. Finaly, we present a paralel search
algorithm for a mesh-connected SIMD computer that, under some assumptions
about signal propagation time along wires, is superior to the tree algorithm.

5.2 SEARCHING A SORTED SEQUENCE

We assume throughout this section that the sequence S= {s,,s,,...,s,} issorted in
nondecreasing order, that is, s, <s, <.-- <s,. Typicaly, a file with n records is
available, whichissorted on thes field of each record. Thisfileisto be searched using s
asthekey; that is, givenaninteger x, a record issought whose s field equals x. If such a
record isfound, then the information stored in the other fieldsmay now be retrieved.
Theformat of arecordisillustrated in Fig. 5.1. Note that if thevalues of the sfieldsare
not unique and all records whose s fieldsequal a given X are needed, then the search
algorithm iscontinued until thefileis exhausted. For simplicity we begin by assuming
that the s; are distinct; this assumption is later removed.

5.2.1 EREW Searching

Assumethat an N-processor EREW SM SIM D computer isavailableto search Sfor a
givenelement x, wherel < N < n. To begin, the value of X must be made known to all
processors. This can be done using procedure BROADCAST in O(log N) time. The
sequence Sis then subdivided into N subsequencesof length n/N each, and processor
P; is assigned {Si- 1ymm+15 Si-1)mm+2> - Simy- All processors now perform
procedure BINARY SEARCH on their assigned subsequences. This requires
O(log(n/N)) in the worst case. Since the elements of S are all distinct, at most one
processor finds an s, equal to x and returns k. The total time required by this EREW
searching algorithm istherefore O(log N) + O(log(n/N)), whichis O(log n). Since-thisis
precisely the time required by procedure BINARY SEARCH (running on a single
processor!), no speedup is achieved by this approach.

[ [ ]
Si OTHER INFORMATION Figure5.1 Format of record in file to be
1 l I searched.
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5.2.2 CREW Searching

Again, assumethat an N-processor CREW SM SIM D computer isavailable to search
Sfor a given element x, where 1 < N < n. The same algorithm described for the
EREW computer can be used here except that in this case al processors can read x
simultaneously in constant time and then proceed to perform procedure BINARY
SEARCH on their assigned subsequences. This requires O(log(n/N)) timein the worst
case, which isfaster than procedure BINARY SEARCH applied sequentialy to the
entire sequence.

It is possible, however, to do even better. Theideaisto use a parallel version of
the binary search approach. Recall that during each iteration of procedure BINARY
SEARCH the middle element s,, of the sequence searched is probed and tested for
equality with theinput x. If s,, > x, then al the elements larger than s,, are discarded;
otherwise all the elements smaller than s,, are discarded. Thus, the next iteration is
applied to a sequence haf aslong as previously. The procedure terminates when the
probed element equals X or when al elements have been discarded. In the parallel
version, there are N processorsand hence an (N + 1)-ary search can be used. At each
stage, the sequence is split into N + 1 subsequences of equal length and the N
processors simultaneously probe the elements at the boundary between successive
subsequences. Thisisillustrated in Fig. 5.2. Every processor compares the element s of
Sit probes with x:

1. If s > x, then if an element equal to x isin the sequence at all, it must precede s;
consequently, s and all theelements that follow it (i.e., toitsright in Fig. 5.2) are
removed from consideration.

2 The opposite takes placeif s < x.

Thuseach processor splits the sequenceinto two parts: those elements to be discarded
as they definitely do not contain an element equal to x and those that might and are
hence kept. This narrows down the search to the intersection of al the parts to be
kept, that is, the subsequence between two elements probed in this stage. This
subseguence, shown hachured in Fig. 5.2, is searched in the next stage by the same
process. This continues until either an element equal to x isfound or all the elements
of Sare discarded. Since every stageis applied to a sequence whoselength is 1/(N + 1)
the length of the sequence searched during the previous stage less 1, O(logy , ,(n T 1))
stages are needed. We now develop the algorithm formally and then show that thisis
precisely the number o steps it requires in the worst case.

Let g be the smallest integer such that n<(N+1)¢—1 that is
g = [log(n + 1)/log(N + 1] Itis possible to prove by induction that g stages are
sufficient to search a sequence o length nfor an element equal to an input x. Indeed,
the statement is true for g = 0. Assumeit istruefor (N + 1*~! — 1. Now, to search a
sequence of length (N + 1)? — 1, processor P;, i = 1,2,..., N, compares x to s; Where
j =i(N* 1)y asshownin Fig. 5.3. Following thiscomparison, only a subsequence
of length (N+ 1) — 1 needs to be searched, thus proving our claim. This
subsequence, shown hachured in Fig. 5.3, can be determined as follows. Each
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processor P; uses a variable ¢; that takes the value gt or right according to whether
the part of the sequence P; decides to keep is to the left or right of the element it
compared to x during thisstage. Initially, the value df each c; isirrelevant and can be
assigned arbitrarily. Two constants ¢, = right and ¢y 4 y = l€ft are also used. Follow-
ing the comparison between x and an element s;, o S P; assignsa valueto ¢; (unless
5;, =X, in which case the value o ¢; is again irrelevant). If ¢; # ¢;_, for some i,
1<i<N, then the sequence to be searched next runs from s, to s, where
q=(—- 1Nt 1"+ 1andr=i(N+1)"! — 1 Precisely one processor updatesq
and r in the shared memory, and all remaining processorscan smultaneoiudy read the
updated valuesin constant time. The algorithm is given in what followsas procedure
CREW SEARCH. Theprocedure takes Sand x asinput: If x = s, for somek, then k is
returned; otherwisea 0 is returned.

procedure CREW SEARCH (S, x, k)

Step 1 {Initializeindices of sequence to be searched}
(1) ge1
(L.2) r «n.

Step 2 {Initializeresultsand maximum number of stages}
(2D k<0
(2.2) g« [og(n T 1)log(N * 1.
Step 3: while(g< rand k =0) do
BLjoe=q~1
(3.2) for i=1toN doin paralld
D ji=@=-DFiNT 1!
{P, comparesx tos; and determinesthepart of the sequenceto be kept}
(i) ifj,<r
then if s;, = x
then k « j;
deeif s, > x
then c; « l€ft
dsec; « right
end if
end if
dse(@)jirt1
(b) ¢; « left
end if
{Theindicesdf the subsequenceto be searched in thenext iterationare
computed}
(i) if ¢; # ¢c;_, then (@) g« ji_, T 1
) rej;—1
end if
(iv)ifi=Nande; # ¢, thengej; T 1
end if
end for
(33) g—g-1
end while J
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1 2 i+1 N
KEEP KEEP KEEP KEEP KEEP

Figures.2 Searching sorted sequence with N processors.

Py Pa P; Pin Py
2 (Nen@ ! 2Ne)9 - (N+1)9"-1‘“ N(N+1)97 n

Figure5.3 Derivation of number of stages required to search sequence.

Steps 1, 2, 3.1, and 3.3 are performed by one processor, say, P,, in constant time. Step
3.2 also takes constant time. As proved earlier, thereare at most g iterations of step 3.
It followsthat procedure CREW SEARCH runsin O(log(n + 1)/log(N * 1))time, that
is, t(n) = O(logy . ,(n T 1)). Hence ¢(n) = O(Nlogy . ,(n T 1)), which is not optimal.

Example5.1

Let S={1,4,6,9,10, 11, 13, 14, 15, 18, 20, 23, 32, 45, 51} be the sequence to be searched
usinga CREW SM SIMD computer with N processors. Weillustrate two successful and
one unsuccessful searches.

1 Assume that N = 3 and that it is required to find the index k of the element in S

equal to 45 (i.e., x = 45). Initially, g= 1, r = 15,k = 0, and g = 2 During the first
iteration of step 3, P, computes j, =4 and compares s, to X. Since 9 < 45,
¢, = right. Simultaneously, P, and P, compares, and s, ,, respectively, to x: Since
14 < 45and 23 < 45, ¢, = right and ¢, = right. Now ¢, # ¢,; therefore q = 13and
r remains unchanged. The new sequence to be searched runs from s, tos,,, as
shown in Fig. 5.4(a), and g = 1. In the second iteration, illustrated in Fig. 5.4(b), P,
computes j; = 12+ 1 and compares s, to x: Since 32 < 45, ¢, = right. Simulta-
neously, P, comparess,, to x, and since they are equal, it setsk to 14 (¢, remains
unchanged). Also, P, compares s,s to X: Since 51 > 45, ¢; = left. Now ¢; # C,:
Thus g=12+ 2+ 1=15and r =12+ 3 -1 = 14. The procedure terminates
with k = 14.

Say now that x = 9, with N still equal to 3. In thefirst iteration, P, comparess, to
x: Since they are equal, k is set to 4. All simultaneous and subsequent com-
putations in this iteration are redundant since the following iteration is not
performed and the procedure terminates early with k = 4.
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Figure54 Searchingsequence d fifteeneements using procedure CREW SEARCH.

3 Findly, let N =2 and x = 21. Initially, g = 3. In the first iteration P, computes
j, =9 and compares sg to x: Since 15< 21, ¢, =right. Simultaneously, P,
computes j, = 18: Since 18 > 15, j, points to an element outside the sequence.
Thus P, setsj, = 16 and ¢, = left. Now ¢, # ¢,: Thereforeq = 10and r = 15, that
is, thesequence to be searched in the next iteration runsfrom s, tos,s,and g = 2.
Thisisillustrated in Fig. 5.4(c). In thesecond iteration, P, computesj; =9 + 3and
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comparess, , to x: snce 23 > 21, ¢, = left. Smultaneoudy, P, computes j, = 15:
Snce 51> 21, ¢, = left. Now ¢, # ¢o, and theefore r = 11 and q remans
unchanged, as shown in Fig. 5.4(d). In the find iteration,g = 1 and P, computes
j,=9* 1 and compares s,, to x: Since 18 < 21, ¢; = right. Smultaneoudly, P,
computes j, = 9+ 2 and compares s,, to x: Since 20 < 21, ¢, = right. Now
¢, # ¢,, and thereforeq = 12. Sinceq > r, the procedureterminates unsuccessfully
withk=0.

We conclude our discussion of parallel searching algorithms for the CREW

model with the following two observations:

1. Under the assumption that the elements of S are sorted and distinct, procedure

CREW SEARCH, although not cost optimal, achievesthe best possiblerunning
time for searching. This can be shown by noting that any algorithm using N
processors can compare an input element x to at most N elements of S
simultaneously. After these comparisons and the subsequent deletion of ele-
ments from Sdefinitely not equal to x, a subsequence must be left whose length
is at least

(- NN+ DI -NYN+=[n+t1yNn+1]-1

After g repetitions of the same process, we are left with a sequence of length
[((n T AN T 1)7] — 1. It follows that the number of iterations required by any
such parallel algorithm is no smaller than the minimum g such that

[(nt AV +1¥]-1<0,
which is
Mog(n + 1)/log(N + 1)1.

Two parallel algorithms were presented in this section for searching a sequence
of length non a CREW SM SIMD computer with N processors. The first
required O(log(n/N)) time and the second O(log(n + 1)/log(N + 1)). In both
cases, if N =n, then the algorithm runs in constant time. The fact that the
eements of S are distinct still remains a condition for achieving this constant
running time, as we shall see in the next section. However, we no longer need S
to be sorted. The algorithm is simply as follows. In one step each P, i =1, 2,
..., h,can read X and compareit to s;; if X isequal to one element of S, say, s,
then P, returns k; otherwise k remains 0.

5.2.3 CRCW Searching

In the previous two sections, we assumed that all the elements of the sequence Sto be
searched are distinct. From our discussion so far, the reason for this assumption may
have become apparent: If each s; is not unique, then possibly more than one processor
will succeed in finding a member of S equal to x. Consequently, possibly several
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processors will attempt to return a value in the variable k, thus causing a write
conflict, an occurrencedisallowed in both the EREW and CREW models. Of course,
we can remove the uniqueness assumption and still use the EREW and CREW
searching algorithms described earlier. The idea is to invoke procedure STORE (see
problem 2.13) whosejob isto resolvewrite conflicts: Thus, in O(log N) time we can get
the smallest numbered of the successful processors to return the index k it has
computed, wheres, = x. The asymptotic running time of the EREW search algorithm
in section 5.2.1 is not affected by this additional overhead. However, procedure
CREW SEARCH now runsin

t(n) = O(log(n t 1)/log(N + 1)) T+ O(log N).

In order to appreciate the effect o this additional O(log N) term, note that when
N = n, t(n) = O(log n). In other words, procedure CREW SEARCH with n processors
is no faster than procedure BINARY SEARCH, which runs on one processor!

Clearly,in order to maintain the efficiency of procedure CREW SEARCH while
giving up the uniqueness assumption, we must run the algorithm on a CRCW SM
SIM D computer with an appropriate write conflict resolution rule. Whatever the rule
and no matter how many processorsare successful in finding a member of Sequal to
X, only oneindex k will be returned, and that in constant time.

5.3 SEARCHING A RANDOM SEQUENCE

We now turn to the more general case of the search problem. Here the elementsd the
sequenceS = {sy, s, ..., s,} are not assumed to bein any particular order and are not
necessarily distinct. As before, we have afile with nrecordsthat isto be searched using
the s fidd of each record asthe key. Given an integer x, a record issought whoses fied
equals x; if such arecord isfound, then the information stored in the other fields may
now be retrieved. This operation is referred to as querying the file. Besides querying,
search is useful in file maintenance, such as inserting a new record and updating or
deleting an existing record. Maintenance, as we shall seg, is particularly easy when the
s fieldsare in random order.

We begin by studying parallel search agorithms for shared-mernory SIMD
computers. We then show how the power of this model is not really needed for the
search problem. Asit turns out, performance similar to that o SM SIMD algorithms
can beaobtained usingatree-connected SIM D computer. Finally, wedemonstrate that
a mesh-connected computer issuperior to the treefor searching if signal propagation
time along wires is taken into account when calculating the running time o
algorithms for both models.

5.3.1 Searching on SM SIMD Computers

The general algorithm for searching a sequence in random order on a SM SIMD
computer isstraightforward and similar in structure to the algorithm in section 5.2.1.
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We have an N-processor computer to search S= {s,, 5,,..., s, for agiven element x,
where 1 < N < n. The algorithm is given as procedure SM SEARCH:

procedure SM SEARCH (S, x, k)
Step 1 for i=1toN doin parald

Read x
end for.
Step 2 for i =1toN doin paralld
21) S« {S(i— DM+ 1 Si- DN +25 .0 si(n/N)}
(22) SEQUENTIAL SEARCH (S;, x, k;)
end for.

Step3 fori=1toN doin parald
if k; > 0then k « k; end if
end for. []

Analysis

We now analyze procedure SM SEARCH for each of the four incarnations of the
shared-memory model of SIMD computers.

5311 EREW. Step lisimplemented using procedure BROADCAST and
requires O(log N) time. In step 2, procedure SEQUENTIAL SEARCH takes O(n/N)
time in the worst case. Finally, procedure STORE (with an appropriate conflict
resolution rule) is used in step 3 and runs in O(log N) time. The overall asymptotic
running time is therefore

t(n) = O(log N) + O(n/N),
and the cost is

c(m) = O(Nlog N) + O(n),
which is not optimal.

5.3.1. 2ERCW. Steps1 and 2 are as in the EREW case, while step 3 now
takes constant time. The overall asymptotic running time remains unchanged.

531.3 CREW. Step ! now takesconstant time, whilesteps2 and 3areasin
the EREW case. The overall asymptotic running time remains unchanged.

5.3.1. 4CRCW. Bothsteps 1 and 3 take constant time, whilestep 2 isasin
the EREW case. The overal running timeis now O(n/N), and the cost is
c(n) = N x O(n/N) = O(n),

which is optimal.
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In order to put the preceding results in perspective, let us consider. a situation
where the following two conditions hold:

1 There are as many processors as there are elementsin S, that is, N = n.
2 Thereareq queries to be answered, that is, g values of x are queuecl waiting for
processing.

In the case o the EREW, ERCW, and CREW models, the time to process one query
is now O(log n). For q queries, this timeissimply multiplied by afactor o g. Thisisof
course an improvement over the time required by procedure SEQUENTIAL
SEARCH, which would be on the order of gn. For the CRCW computer, procedure
SM SEARCH now takes constant time. Thus g queries require a constant multiple of
q time units to be answered.

Surprisingly, a performance dlightly inferior to that of the CRCW algorithm but
dtill superior to that of the EREW algorithm can be obtained using a much weaker
model, namely, the tree-connected SIMD computer. Here a binary tree with O(n)
processors processes the queries in a pipeline fashion: Thus the q queries require a
constant multiple of logn ¥ (g — 1) time units to be answered. For large: values of q
(i.e., g > logn), this behavior isequivalent to that of the CRCW algorithm. We now
turn to the description of this tree algorithm.

5.3.2 Searching on a Tree

A tree-connected SIMD computer with n leavesis availablefor searching a file of n
records. Such a tree isshown in Fig. 55 for n = 16. Each leaf of the tree stores one
record of the file to be searched. The root isin charge of receiving input from the
outside world and passing acopy of it to each of itstwo children. Itisalso responsible
for producing output received from its two children to the outside world. Asfor the
intermediate nodes, each of these is capable of:

1 receiving one input from its parent, making two copies of it, and sending one
copy to each of its two children; and

2 receiving two inputsfrom itschildren, combining them, and passing the result to
its parent.

The next two sections illustrate how the file stored in the leaves can be queried and
maintained.

5.3.2.1 Querying. Given an integer X, it is required to search the file of
records on the s fidd for X, that is, determine whether there is a value in
S={sy,5;,...,5,5 equal to x. Such a query only requires a yesor no answer. Thisis
the most basic form of querying and is even simpler than the one that we have been
concerned with sofar in thischapter. The tree-connected computer handles thisquery
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Figure 55 Tree-connected computer for searching.

in three stages:

Stage | Theroot reads x and passesit to its two children. I n turn, these send x
to their children. The process continues until a copy of x reaches each ledf.
Stage2 Simultaneously,all leavescomparethes field of the record they storeto
x: If they are equal, the leaf produces a 1 as output: otherwise a 0 is produced.
Stage 3: The outputs of the leavesare combined by going upward in the tree:
Each intermediate node computes the logical o of itstwoinputs(ie.,0a 0 =0,
Oal=11a0=1andla 1=1) and passesthe result to its parent. The
process continues until the root receivestwo bits, computes their logical or, and
produces either a 1 (for yes) or a 0 (for no).

It takes O(log n) timeto go down the tree, constant time to perform the comparison at
the leaves, and again O(log n) time to go back up the tree. Therefore, such a query is
answered in O(logn) time.

Example5.2
LetS = {25,14,36,18,15,17,19, 17} and x = 17. The threestagesaboveareillustrated in
Fig.56. O

Assume now that g such queries are queued waiting to be processed. They can
be pipelined down thetree sincetheroot and intermediate nodes arefreeto handle the
next query as soon as they have passed the current one along to their children. The
same remark applies to the leaves: As soon as the result of one comparison has been
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(3) STAGE 1

(b) STAGE 2

Figure 56 Searching sequence of eight
(c) STAGE 3 elementsusing tree.

produced, each leef is ready to receivea new value of x. The results are also pipelined
upward: The root and intermediate nodes can compute the logical or of the next pair
of bits as soon as the current pair has been cleared. Typicaly, the root and
intermediate nodes will receivedata flowing downward (queries) and upward (results)
simultaneously: We assume that both can be handled in a single time unit; otherwise,
and in order to keep both flowsof data moving, a processor can switch :itsattention
from one direction to the other alternately. It takes O(log n) timefor the answer to the
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first query to be produced at the root. The answer to the second query is obtained in

thefollowing time unit. The answer to thelast query emergesq — 1 time unitsafter the

first answer. Thus the q answers are obtained in a total of O(log n) + O(q) time.
We now examine some variationsover the basicform of aquery discussed sofar.

1. Position If aquery issuccessful and element s, isequal to x, it may bedesired
to know the index k. Assume that the leaves are numbered 1,...,n and that leaf i
contains s;. Following the comparison with x, leaf i produces the pair (1, i) if s; = X;
otherwise it produces (0,i). All intermediate nodes and the root now operate as
follows. If two pairs (1,1) and (0, P are received, then the pair (1,i) is sent upward.
Otherwise, if both pairs have a1l as afirst element or if both pairs have a 0 as afirst
element, then the pair arriving from the left son is sent upward. In this way, the root
produces either

(i) (1,k) where k is the smallest index of an element in Sequal to x or

(ii) (0, k) indicating that no match for x wasfound and, therefore, that the value of k
is meaningless.

With this modification, the root in example 5.2 would produce (1, 6).
This variant of the basic query can itself be extended in three ways:

(@ When arecord isfound whose s field equals x, it may be desirable to obtain the
entire record as an answer to the query (or perhaps some of its fields). The
preceding approach can be generalized by having the leaf that finds a match
return a triple of the form (1, i, required information). The intermediate nodes
and root behave as before.

(b) Sometimes, the positions of all elements equal to X in § may be needed. In this
case, when an intermediate node, or the root, receivestwo pairs (1,i) and (1, j),
two pairs are sent upward consecutively. In this way the indices of all members
of Sequa to x will eventually emerge from the root.

(c) The third extension is a combination of (a) and (b): All records whose s fields
match x are to be retrieved. Thisis handled by combining the preceding two
solutions

It should be noted, however, that for each of the preceding extensions care must be
taken with regardsto timing if several queries are being pipelined. Thisis because the
result being sent upward by each node is no longer a single bit but rather many bits of
information from potentially several records (in the worst case the answer consists of
the n entire records). Since the answer to a query is now of unpredictable length, it is
no longer guaranteed that a query will be answered in O(log n) time, that the period is
constant, or that q queries will be processed in O(log n) + O(g) time.

2. Count Another variant of the basic query asks for the number o records
whose s field equals X. Thisis handled exactly as the basic query, except that now the
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intermediate nodes and the root compute the sum of their inputs (instead of the logical
or). With this modification, the root in example 5.2 would produce a 2.

3. Closest Element Sometimes it may be useful to find the element of S whose
value is closest to x. As with the basic query, x isfirst sent to the leaves.. Leaf i now
computes the absolute value of s; — x, call it a;, and produces (i, a,) as output.

Each intermediate node and the root now receivetwo pairs (i, a,) and (j, a;): The
pair with the smaller acomponent is sent upward. With this modification and x = 38
asinput, the root in example 5.2 would produce (3, 2) as output. Note that the case o
two pairs with identical a componentsis handled either by choosing one of the two
arbitrarily or by sending both upward consecutively.

4. Rank Therank of an element x in S isdefined as the number of elements of S
smaller than x plus 1. We begin by sending X to the leavesand then having each lesf i
producealif s; < X,and a0 otherwise. Now therank of x in Siscomputed by making
al intermediate nodesadd their inputs and send the result upward. Theroot adds 1 to
the sum of itstwoinputs before producing the rank. With this modification, the root's
output in example 5.2 would be 3.

It should be emphasized that each of the preceding variants, if carefully timed,
should have the same running time as the basic query (except, o course, when the
queries being processed do not have constant-length answers as pointed out earlier).

5.3.2.2 Maintenance. We now address the problem of maintaining a file
of recordsstored at the leavesd atree, that is, inserting a new record and updating or
deleting an existing record.

1. Insertion In atypical file, records are inserted and deleted continualy. It is
therefore reasonable to assume that at any given time a number of leaves are
unoccupied. We can keep track of thelocation of these unoccupied leaves by storing
in each intermediate node and at the root

(i) the number of unoccupied leavesin its left subtree and
(i) the number of unoccupied leavesin its right subtree.

A new record received by the root is inserted into an unoccupied lesf as follows:

(i) Theroot passesthe record to the one of its two subtrees with unoccupied leaves.
If both have unoccupied leaves, the root makes an arbitrary decision; if neither
does, the root signals an overflow situation.

(i) When an intermediate node receives the new record, it routes it to its subtree
with unoccupied leaves (again, making an arbitrary choice, if necessary).

(iii) The new record eventually reaches an unoccupied leaf where it is stored.

Note that whenever the root, or an intermediate node, sends the new record to a
subtree, the number of unoccupied leavesassociated with that subtreeeis decreased by
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1. It should beclear that insertion isgreatly facilitated by thefact that thefileis not to
be maintained in any particular order.

2. Update Say that every record whose s field equals X must be updated with
new information in (some of) its other fields. Thisis accomplished by sending x and
the new information to all leaves. Each legf i for which s; = x implements the change.

3. Deletion If every record whose s field equals X must be deleted, then we begin
by sending x to all leaves. Each ledf i for which s; = x now declaresitsdf as unoccupied
by sending a 1 to its parent. This information is carried upward until it reaches the
root. On itsway, it increments by 1 the appropriate count in each node of the number
of unoccupied leaves in the left or right subtree.

Each o the preceding maintenance operations takes O(log n) time. As before, q
operations can be pipelined to require O(log n) + O(g) time in total.
We conclude this section with the following observations.

1 We have obtained a search algorithm for a tree-connected computer that is
moreefficient than that described for a much stronger model, namely, the EREW SM
SIMD. Is there a paradox here? Not really. What our result indicates is that we
managed to find an algorithm that does not require the full power of the shared-
memory model and yet is more efficient than an existing EREW algorithm. Since any
algorithm for an interconnection network SIMD computer can be simulated on the
shared-memory model, the tree algorithm for searching can be turned into an EREW
algorithm with the same performance.

2. It may be objected that our comparison of the tree and shared-memory
algorithmsisunfair sinceweare using 2n — 1 processorson the treeand only n on the
EREW computer. This objection can be easily taken care of by using a tree with n/2
leaves and therefore atotal of » — 1 processors. Each leaf now stores two records and
performs two comparisons for every given x.

3. If atree with N leavesis available, where 1 < N < n, then n/N records are
stored per leaf. A query now requires

(i) O(log N) time to send x to the leaves,
(ii) O(n/N)time to search the records within each leaf for onewith an s field equal to
x, and
(iii) O(log N) time to send the answer back to the root,

that is, a total of O(log N)+ O(n/N). This is identical to the time required by the
algorithms that run on the more powerful EREW, ERCW, or CREW SM SIMD
computers. Pipelining, however, is not as attractive as before: Searching within each
leaf nolonger requires constant time and g queries are not guaranteed to be answered
in O(log n) * 0(q) time.
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4. Throughout the preceding discussion we have assumed that the wire delay,
that is, the time it takes a datum to propagate along a wire, from one level o the tree
to the next is a constant. Thus for a tree with n leaves, each query or maintenance
operation under this assumption requires a running time of O(log n) to be processed.
In addition, the time between two consecutive inputs or two consecutive outputs is
constant: In other words, searching on the tree has a constant period (provided, of
course, that the queries have constant-length answers). However, a direct hardware
implementation of the tree-connected computer would obviously have connections
between levels whose length grows exponentially with the level number. As Fig. 55
illustrates, the wire connecting a node at level i to its parent at level i T 1 has length
proportional to 2%, Themaximum wirelength for atree with nleavesis O(n) and occurs
at level log n — 1 Clearly, thisapproach is undesirable from a practical point of view,
asit resultsin a very poor utilization of the areain which the processors and wiresare
placed. Furthermore, it would yield a running time of O(n) per query if the
propagation timeis taken to be proportional to the wire length. In order to prevent
this, we can embed the treein a mesh, as shown in Fig. 5.7. Figure 5.7 illustrates an n-
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Figure5.7 Treeconnected computer embedded in mesh.
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node tree, with n= 31, where

(i) the maximum wire length is O(n'/?),
(ii) the area used is O(n), and
(iii) the running time per query or maintenance operation is O(n'/?) and the period is
O(n''?), assuming that the propagation time of a signal across a wire grows
linearly with the length o the wire.

This is a definite improvement over the previous design, but not sufficiently so to
make the tree the preferred architecture for search problems. In the next section we
describe a parallel algorithm for searching on a mesh-connected SIMD computer
whose behavior is superior to that o the tree algorithm under the linear propagation
time assumption.

5.3.3 Searching on a Mesh

In this section we show how a two-dimensional array of processors can be used to
solve the various searching problems described earlier. Consider the n-processor
mesh-connected SIMD computer illustrated in Fig. 5.8 for n= 16, where each
processor stores one record o the file to be searched. This architecture has the
following characteristics:

1. The wire length is constant, that is, independent of the size of the array;
2. the area used is O(n); and

3. the running time per query or maintenance operation is O(r!/?) and the period is
constant regardless of any assumption about wire delay.

Clearly, this behavior is a significant improvement over that of the tree
architecture under the assumption that the propagation time of asignal along a wireis
linearly proportional to thelength of that wire. (Of course, if the wire delay isassumed
to be a constant, then the tree issuperior for the searching problem sincelog n < n'/?
for sufficiently large n.)

5.3.3.1 Querying. In order to justify the statement in 3 regarding the
running time and period of query and maintenance operations on the mesh, we
describe an algorithm for that architecture that solves the basic query problem;
namely, given aninteger x, it isrequired to search thefile of records on the s field for x.
We then show that the algorithm produces a yes or no answer to such a query in
O(n'"?) time and that g queries can be processed in O(q) T O(n!/?) time. Let us denote
by s; ; the s field of the record held by processor P(i, j).The algorithm consists of two
stages: unfolding and folding.

Whfolding.  Processor P(1,1) reads x. If X =s, ,, it produces an output b, ,
equal to 1; otherwise b, ; = 0. It then communicates (b, ;, X) to P(1,2). If x =5, , or

by, =1, then b, , =1; otherwise b, , =0. Now simultaneously, the two row
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Figure58 Mesh-connected computer for searching.

neighbors P(1,1) and P(1,2) send (b, ,,x) and (b ,, X) to P(2,1) and P(2,2),
respectively. Once b, ; and b,, have been computed, the two column neighbors
P(1,2) and P(2, 2) communicate(b, ,, x)and (b, ,, X)to P(1, 3) and P(2, 3), respectively.
Thisunfolding process, which alternatesrow and column propagation, continues until
X reaches P(n'/2, n'/?),

Folding. At theend of the unfolding stage every processor has had a chance to
"s¢" x and compare it to the sfield of the record it holds. In this second stage, the
reverse action takes place. The output bits are propagated from row to row and from
column to column in an alternating fashion, right to left and bottom to top, until the
answer emerges from P(I, 1). The algorithm is given as procedure MESH SEARCH:

procedure MESH SEARCH (S, x, answer)

Step I {P(1, 1) reads the input)
if x=s;,thenb,,, <1
elseb; ; <0
end if.

Sep 22 {Unfolding}
fori=1ton?—1do
(21)for j=1toidoin paralle

(i) P(j, i) transmits (b;,;, X) to P(j, i T 1)

(ii) if (x=s5j44, O by; = Dthen bj;s, < 1
elseb;;,, 0

end if
end for
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(2.2) for j = 1to i + 1 do in parallel
(i) P(, ]) transmits (b, ;, x) to P(i + 1, j)
(i) if (x = $;41;0r by ;= 1) then by ;1
else by, ;<0
end if
end for
end for.

Step 3. {Folding}

Step 4:

for i = n'/? dewnto 2 do
(31 forj=1toidoin paralel
P(j, i) transmits b; ; to P(j, i — 1)

end for
(32) forj=1toi— 1doin paralel
bji—1 < by
end for
(33) if (b;;—y=1or b;=1)then b, ;1
eseb,; <0
end if

(34) forj=1toi— 1doin paralel
P(i, j) transmits b, ; to P(i — 1, j)

end for

(35 forj=1toi - 2doin paralel

bi—1,j"‘ bi,j

end for

(36) if (b;—y ;-1 =1o0r b,y =1)thenb;,_,; , <1

elseb; ;-1 <0
end if
end for.

{P(1,1) produces the output}
if by ; = 1then answer « yes

else answer < no
endif. O

Chap. 5

As each of steps 1 and 4 takes constant time and steps 2 and 3 consist of p'/? — 1
constant-time iterations, the time to process a query is O(n'/?). Notice that after the
first iteration of step 2, processor P(1,1) is free to receive a new query. The same
remark applies to other processors in subsequent iterations. Thus queries can be
processed in pipeline fashion. Inputs are submitted to P(1, 1) at a constant rate. Since
the answer to a basic query is of fixed length, outputsare also produced by P(l,1) at a
constant rate following the answer to the first query. Hence the period is constant.

Example 53

Let aset of 16 records storedin a4 x 4 mesh-connected SIMD computer be asshown in
Fig. 5.9. Each square in Fig. 5.9(a) represents a processor and the number insideit isthe s
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fidd of the associated record. Wiresconnecting the processorsare omitted for simplicity.
It is required to determine whether there exists a record with s fidd equal to 15 (ie.,
x = 15). Figures 5.9(b)-5.9(h) illustrate the propagation of 15 in the array. Figure 5.9(i)
showstherelevant b valuesat theend o step 2. Figures 5.9(j)-5.9(o) illustrate thefolding
process. Finally Fig. 5.9(p) showsthe result as produced in step 4. Note that in Fig. 5.9(e)
processor P(1, 1) isshown empty indicating that it hasdoneitsjob propagating 15 and is

now ready to receive a new query. [

Some final comments are in order regarding procedure MESH SEARCH.

1 Nojustification wasgivenfor transmitting b; ; along with x during the unfolding
stage. Indeed, if only one query is to be answered, no processor needs to
communicate its b value to a neighbor: All processors can compute and retain
their outputs; these can then be combined during the folding stage. However, if
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several queries are to be processed in pipeline fashion, then each processor must
first transmit its current b value before computing the next one. In thisway the
b; ; are continually moving, and no processor needs to store its b value.

2. When severa queriesare being processed in pipelinefashion, thefolding stage of
onequery inevitably encounters the unfolding stage of another. Aswe did for the
tree, we assume that a processor simultaneously receiving data from opposite
directions can process them in a single time unit or that every processor
alternately switches its attention from one direction to the other.

3. It should be clear that al variations over the basic query problem described in
section 5321 can be easily handled by minor modifications to procedure
MESH SEARCH.

5.3.3.2 Maintenance. All three maintenance operations can be easly
implemented on the mesh.

1. Insertion Each processor in the top row of the mesh keeps track o the
number of unoccupied processors in itscolumn. When a new record is to beinserted,
it is propagated along the top row until a column is found with an unoccupied
processor. The record is then propagated down the column and inserted in the first
unoccupied processor it encounters. The number of unoccupied processors in that
column is reduced by 1.

2. Updating All records to be updated are first located using procedure MESH
SEARCH and then the change is implemented.

3. Deletion When a record is to be deleted, it is first located, an indicator is
placed in the processor holding it signifying it is unoccupied, and the count at the
processor in the top row of the column is incremented by 1.

5.4 PROBLEMS

5.1 Show that Q(log n) is alower bound on the number of steps required to search a sorted
sequence of n elementson an EREW SM SIMD computer with n processors.

52 Consider the following variant of the EREW SM SIMD model. In one step, a processor
can perform an arbitrary number of computations locally or transfer an arbitrary number
of data (to or from the shared memory). Regardless of the amount of processing
(computations or data transfers) done, one step is assumed to take a constant number of
time units. Note, however, that a processor is allowed to gain access to a unique memory
location during each step (as customary for the EREW model). Let » processors be
available on this model to search a sorted sequence S ={s,, s,,...,s,} of length » for a
given value x. Suppose that any subsequence of S can be encoded to fit in one memory
location. Show that under these conditions the search can be performed in O(log!/2n) time.
[Hint: Imagine that the data structure used to store the sequencein shared memory isa
binary tree, asshown in Fig. 5.10(a) for n = 3L This tree can be encoded as shown in Fig.
5.10(b).]
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Prove that Q(log'/?n) is alower bound on the number of steps required to search a sorted
sequencedf n elementsusing n processors on the EREW SM SIMD computer o problem
52.

Let us reconsider problem 5.2 but without the assumption that arbitrary subsequences o
S can beencoded to fit in one memory location and communicated in one step. Instead, we
shall store the sequencein a tree with d levels such that a node at level i containsd — i
elementsof S and hasd —i t1 children, as shown in Fig. 5.11 for n = 23. Each node o
thistreeisassigned to a processor that has sufficientlocal memory to store the elementsof
Scontained in that node. However, a processor can read only one element of S at every
step. The key x to be searched for is initialy available to the processor in charge of the
root. An additional array in memory, with as many locations as there are processors,
allowsprocessor P, to communicate x to P; by depositing it in thelocation associated with
P;. Show that O(r) processors can search a sequence of length »n in O(log n/loglog n).
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Figure5.11 Data structurefor problem 5.4.

Let M(N,r,s) be the number of comparisons required by an N-processor CREW SM
SIM D computer to merge two sorted sequences of length r and s, respectively. Prove that
M(N, 1,s) = [log(s T 1)/log(N + 1)1.
Let 1<r< Nandr < s Prove that

M(N, r, s) < [log(s + 1)/log(IN/r] + 1)].
Let 1 < N <r<s. Prove that
M(n, r, s} < [r/N1log(s + 1)1.

Consider an interconnection-network SIMD computer with n processors where each
processor has a fixed-size local memory and is connected to each of the other n — 1
processors by a two-way link. At any given step a processor can perform any amount of
computations locally but can communicate at most one input to at most one other
processor. A sequence S isstored in thiscomputer one element per processor. It isrequired
to search § for an element x initially known to one of the processors. Show that Q(log n)
steps are required to perform the search.

Assume that the sizeof thelocal memory of the processorsin the network of problem 58 is
no longer fixed. Show that if each processor can send or receive oneelement of Sor x at a
time, then searching S for some x can be done in O(log n/loglog n) time.

Reconsider the model in problem 58 but without any restriction on the kind of
information that can be communicated in one step from one processor to another. Show
that in this case the search can be performed in O(log!/?n) time.

Let the model of computation described in problem 2.9, that is, a linear array of N
processors with a bus, be available. Each processor has a copy of a sorted sequence S of n
distinct elements. Describe an algorithm for searching Sfor a given value x on this model
and compare its running time to that of procedure CREW SEARCH.

An algorithmisdescribed in example 1.4 for searching afilewith nentriesona CRCW SM
SIMD computer. The » entries are not necessarily distinct or sorted in any order. The



Sec.

513
514

515

516

517
518

519

5.20

521

522

523

55 Bibliographical Remarks 135
algorithm uses a location Fin shared memory to determine whether early termination is
possible. Give a formal description of this algorithm.

Give a formal description of the tree algorithm for searching described in section 5.3.2.1.

Given a sequence S and a value x, describe tree algorithms for solving; the following
extensions to the basic query:

(8 Find the predecessor of x in S that is, the largest element of S smaller than x.

(b) Find the successor of x in S, that is, the smallest element of Slarger than x.

Afile dof nrecordsisstored in the leaves of a tree machine one record per leaf. Each record
consists o several fields. Given ((i, x;), (, x;), ..., (M, X)), it isrequired to find the records
with theith field equal to x;, thejth field equal to x;, and so on. Describe an algorithm for
solving this version of the search problem.

Consider a tree-connected SIM D computer where each node contains a record (not just
the leaves). Describe algorithms for querying and maintaining such a file of records.

Repeat problem 5.14 for a mesh-connected SIM D computer.

Consider the following modification to procedure MESH SEARCH. As usual, P(1,1)
receives the input. During the unfolding stage processor Pf(i, j) can send data simulta-
neously to P(i * 1,j) and P(, j + 1). When the input reaches P(n"/2, n'/2), this processor
can compute the final answer and produce it as output (i.e., there is no folding stage).
Describe the modified procedure formally and analyze its running time.

Repeat problem 5.11 for the case where the number of processorsisn and each processor
stores one element of a sequence S of n distinct elements.

A binary sequence df length n consisting of astring of 0’s followed by astring of 1’s isgiven.
It isrequired to find the length of the string of 0’s usingan EREW SM SIM D computer
with N processors, 1 < N < n Show that this can be done in O(log(n/N)) time.

In a storage and retrieval technique known as hashing, the location of a diata element in
memory is determined by its value. Thus, for every element x, the address of x is f(x),
wheref isan appropriately chosen function. This approach is used when the data space
(set of potential valuesto bestored)islarger than the storage space (memory locations) but
not al data need be stored at once. Inevitably, collisions occur, that is, f(x) = f(y) for
X # Y, and severa strategies exist for resolvingthem. Describe a parallel algorithm for the
hashing function, collision resolution strategy, and model of computation of your choice.
The agorithmsin this chapter addressed thediscretesearch problem, that is, searching for
avauein a given sequence. Similar algorithmscan be derived for the continuous case, that
is, searching for points at which a continuous function takes a given value. Describe
parallel algorithms for locating (within a given tolerance) the point at which a certain
function (i) assumes its largest value and (ii) is equal to zero.

It was shown in section 522 that procedure CREW SEARCH achievesthe best possible
running time for searching. In view o the lower bound in problem 5.1, show that no
procedure faster than MULTIPLE BROADCAST o section 3.4 existsfor simulating a
CREW algorithm on an EREW computer.

5.5 BIBLIOGRAPHICAL REMARKS

The problem o searching a sorted sequence in parallel has attracted a good deal of attention
since searching is an often-performed and time-consuming operation in most database,
information retrieval, and office automation applications. Algorithms similar to procedure
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7.1 INTRODUCTION

Problems involving matrices arise in a multitude of numerical and nonnumerical
contexts. Examples range from the solution of systems of equations (see chapter 8) to
the representation of graphs (see chapter 10). In this chapter we show how three
operations on matrices can be performed in paralel. These operations are matrix
transposition (section 7.2), matrix-by-matrix multiplication (section 7.3), and matrix-
by-vector multiplication (section 7.4). Other operations are described in chapters 8
and 10. One particular feature of this chapter is that it illustrates the use of al the
interconnection networks described in chapter 1, namely, the one-dimensional array,
the mesh, the tree, the perfect shuffle, and the cube.

7.2 TRANSPOSITION

An n x n matrix A is given, for example:

AT — @iz dyp Q33 Ay
;3 Qy3 (33 0443
A1a Q34 Q34 Qaa
In other words, every row in matrix A isnow acolumnin matrix AT. Theelementsof A
are any data objects; thus a;; could be an integer, a real, a character, and so on.
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Sequentially the transpose of a matrix can be computed very easily asshown in
procedure TRANSPOSE. The proceduretransposes A in place, that is, it returnsATin
the same memory locations previously occupied by A.

proosdure TRANSPOSE (A)

fori=2tondo
fori=1toi—1do
Qi > ay;

ad for

edfor. [

This procedure runs in O(n?)time, which isoptimal in view of the R(n?)steps required
to simply read A.

I'n thissection we show how the transpose can be computed in parallel on three
different models of paralel computation, namely, the mesh-connected, shuffle-
connected, and the shared-memory SIMD computers.

7.2.1 Mesh Transpose

The parallel architecture that lends itself most naturally to matrix operationsis the
mesh. Indeed, an n X n mesh of processors can be regarded as a matrix and is
therefore perfectly fitted to accommodate an n x n data matrix, one element per
processor. Thisis precisely the approach we shall use to compute the transpose of an
n x nmatrix A initially stored inann x nmesh of processors, asshown in Fig. 7.1 for
n=4. Initially, processor P(i,j) holds data element a;; at the end of the
computation P(,j) should hold a;. Note that with this arrangement Q) is a
lower bound on the running time of any matrix transposition algorithm. This isseen
by observing that a,, cannot reach P(n, 1) in fewer than 2n — 2 steps.

The idea of our algorithm is quite simple. Since the diagonal elements are not
affected during the transposition, that is, element a,, of A equals element a,,dof AT, the
datain thediagonal processors will stay stationary. Those below the diagonal are sent
to occupy symmetrical positions above the diagonal (solid arrows in Fig. 7.1).
Simultaneously, the elements above the diagonal are sent to occupy symmetrical
positions below the diagonal (dashed arrows in Fig. 7.1). Each processor P(i,j) has
three registers:

1 A(,])is used to store g;; initially and a; when the algorithm terminates;

2 B(i,j)isused to store datareceived from P(,j + 1) or P(i — 1,]),that is from its
right or top neighbors; and

3 C(,j)isused to storedatareceived from P(i,j — 1) or P(i + 1,j),that is, from its
left or bottom neighbors.

The algorithm is given as procedure MESH TRANSPOSE. Note that the contents of
registers A(, i), initially equal to a;, 1 <i < n, are not affected by the procedure.
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Figure 71 Matrix to be transposed, stored in mesh of processors.

procedure MESH TRANSPOSE (A)

Step 1. dosteps 1.1and 12 in parallel
(1.1)fori=2tondoin paralel
forj=1toi— 1doin paralel
Cli— 1 j)(ay.j. 1)
end for
end for
(1.2) fori=1ton— 1 doin paralel
forj=i* 1tondoin parallel
B(’!J - 1)‘_(aij’ja I)
end for
end for.

Step 22 do steps 2.1, 2.2, and 2.3 in parallel
(2.1)fori=2tondoin paralel
forj=1toi— 1doin paralel

while P(i, j) receives input from its neighbors do

(i) if (@, m, k) is received from P(i + 1, j)
then send it to P(i — 1, j)
end if

Chap. 7
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(i) if @, m, K)isreceved from P(i — 1,j)
thenifi=mandj =k
then A(i,j)«a, {a, hasreached its destination}
dsesend (@, m, K toP(3i+1,))
end if
end if
end while
end for
end for
(22) fori=1ton doin paralle
while P(j, i) receives input from its neighbors do
(i) if @, m, k) isreceived from P(i T 1, i)
then send it to PG, i + 1)
end if
(i) if @, m, K) isreceived from P(i, i T 1)
then send it to P(i + 1, i)
end if
end while
end for
(23) fori=1ton—1doin parale
forj=i+ 1tondoin parallel
while P(i, j ) receivesinput from its neighbors do
(i) if (@, m, K) isreceived from P(i, j + 1)
then send it to P(i, j — 1)
end if
(ii) if @, m,K) isreceived from PG, j — 1)
thenifi=mandj=k
then A(i,j)< a, {a, has reached its destination}
dsesend (8, m, k)to PG, j+ 1)
end if
end if
end while
end for
end for. [J

Analysis. Each element a;;, i > j, must travel up its column until it reaches
P(j, j) and then travel along a row until it settles in P(j, i). Similarly for a;;, j > i. The
longest path is the one traversed by a,, (or a,,), which consists of 2(n — 1) steps. The

running time of procedure MESH TRANSPOSE is therefore
t(n) = O(n),

which is the best possible for the mesh. Since p(n) = n?, the procedure has a cost of

0(n®), which is not optimal.

Example 71

The behavior of procedure MESH TRANSPOSE isillustrated in Fig. 7.2 for the input

matrix
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Figure7.2 Transposing matrix using procedure MESH TRANSPOSE.
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X 1 2
A=]-4 y 3
-5 -6 z

The contents of registers A, B, and C in each processor are shown. Note that for clarity
only thea,; component of (a;;, j, i) is shown for registersB and C. Also when either Bor C
receives no new input, it is shown empty. []

7.2.2 Shuffle Transpose

We saw in the previous section that procedure MESH TRANSPOSE computes the
transpose of an n x n matrix in O(n) time. We also noted that this running timeis the
fastest that can be obtained on a mesh with one dataelement per processor. However,
since the transpose can be computed sequentialy in O(n?)time, the speedup achieved
by procedure MESH TRANSPOSE is only linear. This speedup may be considered
rather small since the procedure uses a quadratic number of processors. This section
shows how the same number of processors arranged in a different geometry can
transpose a matrix in logarithmic time.

Let n =29 and assume that an n x n matrix A isto be transposed. We use for
that purpose a perfect shuffle interconnection with n? processors Py, Py, ..., Py ;.
Element q,; o Aisinitialy stored in processor P,, where k = 2%(i — 1) + (j- 1), as
shown in Fig. 7.3for g = 2.

We claim that after exactly q shuffle operations processor P, contains element
a;. To see this, recal that if P is connected to P,, then m is obtained from k by
cyclicaly shifting to theleft by one position the binary representation of k. Thus Pyg00
is connected to itsalf, Pyoor 1O Pogios Posio 10 Po1oos ---» Proot 10 Poor1s Pigio 10

r 1 r 1 Py Pso Pie Pia Pia Prs Pys I |

12| [B13| [214] [B21] [B22| [P23] |P24]| |31| [Ba2]| [Pas| [Ba4| [Fa1] [Fa2| [Pa3] |F4a

Figure7 3 Matrix to be trangposed, stored in perfect shuffle-connected computer.
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Poio1----»and Py, toitself. Now consider a processor index k consisting of 2g bits.
If k = 29 — 1) + (j— 1), then the g most significant bits of k represent i — 1 while the
g least significant bitsrepresent j — 1. Thisisillustrated in Fig. 7.4(a) for q = 5,i = 5,
and j = 12. After g shuffles(i.e., q cyclic shiftsto theleft), the element originally held by
P, will be in the processor whose index is

s=20-1D+G—-1),

as shown in Fig. 7.4(b). In other words a;; has been moved to the position originally
occupied by a;;. The algorithm is given as procedure SHUFFLE TRANSPOSE. In it
we use the notation 2k mod (227 — 1) to represent the remainder of the division of 2k
by 229 — 1,

procedure SHUFFL E TRANSPOSE (A)

fori=1toqdo
for k = 1t022? — 2doin paralld
P, sends the element of A it currently holds to Py, ac22e-1)
end for
end for. [

Analysis. There are g constant time iterations and therefore the procedure
runs in t(n) = O(log n) time. Since p(n) = n?, c¢(n) = O(n*logn), which is not optimal.
Interestingly, the shuffle interconnection is faster than the mesh in computing the
transpose of a matrix. Thisis contrary to our original intuition, which suggested that
the mesh is the most naturally suited geometry for matrix operations.

0 0] 1 0 0 0 1 0 1 1

{ I J
g MOST SIGNIFICANT BITS g LEAST SIGNIFICANT BITS
REPRESENTING (i- 1) REPRESENTING (j - 1)

(a)

0 1 0 1 1 0 0 1 0 0

! | L |

q MOST SIGNIFICANT BITS g LEAST SIGNIFICANT BITS
REPRESENTING (j - 1) REPRESENTING (i- 1)

®
Figure 7.4 Derivation of numba d shuffles required to trangoose matrix.
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Figure7.5 Trangposng matrix usng procedureSHUFFLE TRANSPOSE.

Example 7.2

Thebehavior of procedureSHUFFLE TRANSPOSE isillustrated in Fig. 7.5 for thecase
wheregq = 2. For clarity, theshuffle inter connectionsareshown asa mappingfrom the set
of processorsto itsef. [

7.2. 3EREW Transpose

Although faster than procedure MESH TRANSPOSE, procedure SHUFFLE
TRANSPOSE is not cost optimal. We conclude this section by describing a cost-
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P21
112 |3
4|5 |6
7|89
P32

31 Figure7.6 Transposing matrix using pro-
cedure EREW TRANSPOSE.

optimal algorithm for transposing an n x n matrix A. The algorithm uses (n?> — n)/2
processors and runs on an EREW SM SIMD computer. Matrix A resides in the
shared memory. For ease of exposition, we assume that each processor has two indices
iandj,where2<i<nand l<j<i- 1 With all processors operating in parallel,
processor P;; swaps two elements of A, namely, a;; and a;. The algorithm isgiven as
procedure EREW TRANSPOSE.

prooedure EREW TRANSPOSE (A)

for i=2ton doin parald
forj=1toi— 1ldoin paralld
a;j > 4
end for
end for. [J

Analysis. It takes constant time for each processor to swap two elements.
Thus the running time of procedure EREW TRANSPOSE is #(n) = O(1). Since
p(n) = O(n?),c(n) = Om?), which is optimal.

Example 7.3

The behavior of procedure EREW TRANSPOSE isillustratedin Fig. 7.6 for n = 3. The
figure shows the two elements swapped by each processor. [

7.3 MATRIX-BY-MATRIX MULTIPLICATION

In thissection we assume that the elements of all matrices are numerals, say, integers.
The product of anm x n matrix A by an n x k matrix Bisan m x k matrix C whose
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elements are given by

n
¢y = zlaisxbsj, 1<is<m, 1<j<k
&

A straightforward sequential implementation of the preceding definition is given by
procedure MATRIX MULTIPLICATION.

procedure MATRIX MULTIPLICATION (A, B, C)

fori=1tomdo
for j =1tokdo
(1) ¢;<0
(2) for s=1tondo
Cij < Cij + (@ X byy)
end for
end for
end for. O

Assuming that m<n and k<n, it is clear that procedure MATRIX
MULTIPLICATION runsin O(n®time. Asindicated in section 7.6, however, there
exist several sequential matrix multiplication algorithms whose running timeis O(n*),
where 2 < x < 3 It isnot known at the time of thiswriting whether the fastest of these
algorithms is optimal. Indeed, the only known lower bound on the number of steps
required for matrix multiplication is the trivial one of R(n?). This lower bound is
obtained by observing that n? outputs are to be produced, and therefore any
algorithm must require at least that many steps. In view of thisgap between n? and n*,
2 < x < 3 wewill find ourselves unableto exhibit cost-optimal parallel algorithms for
matrix multiplication. Rather, we present algorithms whose cost is matched against
the running time of procedure MATRIX MULTIPLICATION.

7.3.1 Mesh Multiplication

As with the problem of transposition, again we fed compelled to use a mesh-
connected parallel computer to perform matrix multiplication. Our algorithm uses
m x k processorsarranged in a mesh configuration to multiply an m x n matrix A by
an n x k matrix B. Mesh rows are numbered 1, ..., m and mesh columns 1, ..., k.
Matrices A and B are fed into the boundary processors in column 1 and row 1,
respectively,asshownin Fig. 7.7 form = 4,» = 5,and k = 3. Note that row i of matrix
A lags one time unit behind row i — 1for 2 < i < m. Similarly, column j of matrix B
lags one time unit behind column j — 1for 2 < j < k. Thisensuresthat a;; meets by; in
processor P(i,j) at the right time. At the end of the algorithm, element ¢;; of the
product matrix C resides in processor P(i, j).Initially c;; is zero. Subsegquently, when
P(i, j) receivestwo inputs a and b, it

(i) multiplies them,
(if) adds the result to c;;,
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Figure 7.7 Two matrices to be multiplied, being fed asinput to mesh of processors.

(i) sendsato P(i, j + 1) unlessj =k, and
(iv) sendsbto P(i + 1, j)unlessi = m.

The algorithm is given as procedure MESH MATRIX MULTIPLICATION.

procedure MESH MATRIX MULTIPLICATION (A,B,C)

for i=1tomdo in parald
for j =1tok doin parald
(1) ¢;; <0
(2) while P(i, j) receives two inputs a and b do
(i) ¢;j+«c;t(axb)
(i) if i <m then send b to P(i + 1, j)
end if
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(iii) if j < k thensend a to P(i, j + 1)
end if
end while
end for
end for.

Analysis. Elementsa,, and b,, takem¥ k * n — 2 stepsfrom the beginning
of the computation to reach P(m, k). Since P(m, K) is the last processor to terminate,
this many steps are required to compute the product. Assuming that m< nand k < n,
procedure MESH MATRIX MULTIPLICATION therefore runsin time t#(n) = O(n).
Since p(n) = O(n), c¢(n) = O(n®), which matches the running time of the sequential
procedure MATRIX MULTIPLICATION. It should be noted that the running time
of procedure MESH MATRIX MULTIPLICATION is the fastest achievable for
matrix multiplication on a mesh of processors assuming that only boundary
processors are capable of handling input and output operations. Indeed, under this
assumption Q(n) steps are needed for the input to be read (by the processors in row 1
and column 1, say) and/or for the output to be produced (by the processorsin row m
and column k, say).

Example 7.4
The behavior d procedure MESH MATRIX MULTIPLICATION isillustrated in Fig.

7.8 for
1 2 -5 —
o2 (22
3 4 -7 -8
The value o ¢;; after each step is shown insde P(, j). O

7.3.2 Cube Multiplication

The running time of procedure MESH MATRIX MULTIPLICATION not only is
the best achievable on the mesh, but also provides the highest speedup over the
sequential procedure MATRIX MULTIPLICATION using n? processors. Neverthe-
less, we seek to obtain afaster algorithm, and aswe did in section 7.2.2, we shall turn
to another architecture for that purpose. Our chosen model is the cube-connected
SIMD computer introduced in chapter 1 and that we now describe more formally.
Let N = 2¢ processors Py, Py,..., P,._, beavailablefor some g = 1. Further, let
i and i® be two integers, 0 < i,i® < 29 — 1, whose binary representations differ only
in position b, 0 < b < g. In other words, if i;_; ... &4y i ip—1 ... i1 i is the binary
representation of i, then i,y ...iy+q ipiy_y ... i, ig iSthe binary representation of i,
where iy is the binary complement of bit i,. The cube connection specifies that every
processor P; is connected to processor Py by a two-way link for al 0 < b < g. Theg
processors to which P; is connected are called P;’s neighbors. An example of such a
connectionisillustrated in Fig. 7.9 for the caseg = 4. Now let n = 2% We use a cube-
connected SIMD computer with N = n® = 237 processors to multiply two nx n
matrices A and B. (We assume for simplicity of presentation that the two matrices
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Figure 7.8 Multiplying two matrices using procedure MESH MATRIX
MULTIPLICATION.

Figure 7.9 Cube-connected computer
with sixteen processors.
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have the same number of rows and columns.) It is helpful to visualizethe processors as
being arranged in an n x n X n array pattern. In this array, processor P, occupies
position (i, j, k), wherer =in2+jn+ k and 0 <, j, k < n — 1 (thisis referred to as
row-major order). Thus if the binary representation of r iSry,_; r34—2 ... o, then the
binary representations of i, j, and k are r3,—; ... rag, Faq—y ... I, @A ro_y ... 1o,
respectively. Each processor P, has three registers A, B,, and C,, also denoted
A, j,K), B(,j, k), and C(, j, k), respectively. Initialy, processor P, in position (0, j, k),
0<j<n0<k<n,contains ay and by inits registers A, and Bj, respectively. The
registersof al other processors areinitialized to zero. At theend of the computation,
C should contain c, where

n—1
Cjk = Z aﬁ X bik'
i=0

Thealgorithm isdesigned to perform the n® multiplicationsinvolvedin computing the
n? entries of C simultaneously. It proceeds in three stages.

Stage |I: The elements of matrices A and B are distributed over the n®

processors. As a result, A(,j, k)= a; and B(i,j, k)= by.

Stage 2 The products C(, j, k) = A(, j, k) x B(G, j, k) are computed.

Stage 3: The sums 2} C(, j, k) are computed.
The algorithm isgiven as procedure CUBE MATRIX MULTIPLICATION. Init we
denote by {N,r, =d} the set of integersr, 0 <r < N — 1, whose binary represen-
tation isryy_y...tps1 drpy_y...T0

procedure CUBE MATRIX MULTIPLICATION (A,B,C)

Stepl: for m= 3q— 1 downto 2q do
for al rin {N,r, =0} do in paralle

(1.1) Apem = A,
(1.2) Bym = B,
end for
end for.

Step 2. for m=q — 1 downto O do
for al rin {N,r, =rs.,} doin parald
Ar(mJ(——A,
end for
end for.
Step 3: for m= 2q — 1 downto ¢ do
for @l rin {N, r,=r,,,} doin parald
B, « B,
end for
end for.

Step4 for r=1to N doin paralld
C,«< A, x B,
end for.
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Step 5. for m=2qto3q—1do
for r = 1to N doin paralld
C,—C *Cim
end for
end for. [

Stage 1 of the algorithm isimplemented by steps 1-3. During step 1, the data initialy
in A(0,j, k) and B(0,]j, k) are copied into the processors in positions (i, j,k), where
1< i< n sothatat theend of thisstep A(i, j, k) = ay and B(i, j, k) = b, for 0 <t < n.
Step 2 copies the contents of A(i, j,i) into the processorsin position (i, j, k), so that at
the end of this step A(i,j, k) = a;;, 0 < k< n. Similarly, step 3 copies the contents of
B(i,i, k) into the processors in position (i,j, k), so that at the end of this step
B(i,j,K) = by, 0 <j < n Instep 4 the product C(,j,k) = A(,]j, K) X B(,j, k) is com-
puted by the processorsin position (i,j,K)for al 0 < i,j, kK < n simultaneously. Finally,
in step 5, the n? sums

n—1
CO,j, k)= 3, CG,j, k)
i=0

are computed simultaneously.

Analysis. Steps1, 2, 3,and 5 consist of ¢ constant time iterations, while step
4 takes constant time. Thus procedure CUBE MATRIX MULTIPLICATION runs
in O(q) time, that is, t(n) = O(log n). We now show that this running timeis the fastest
achievable by any parallel algorithm for multiplying two n x » matrices on the cube.
First note that each ¢,; isthe sum of n elements. It takes €2(log n) steps to compute this
sum on any interconnection network with n (or more) processors. To see this, let s be
the smallest number of steps required by a network to compute the sum of n numbers.
During thefinal step, at most one processor is needed to perform thelast addition and
produce the result. During step s — 1 at most two processors are needed, during step
s — 2 at most four processors, and so on. Thus after s steps, the maximum number of
useful additions that can be performed is

s—1
Y o=2_-1
i=0

Given that exactly n— 1 additions are needed to compute the sum of n numbers, we
have n — 1< 2' — 1, that is, s = log n.

Since p(n) = n®, procedure CUBE MATRIX MULTIPLICATION hasa cost of
c(n) = O(n®logn), which is higher than the running time of sequential procedure
MATRIX MULTIPLICATION. Thus, although matrix multiplication on the cube is
faster than on the mesh, itscost is higher due to the large number of processors it uses.
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Example7.5
Let n = 2% and assume that the two 4 x 4 matrices to be multiplied are

17 23 27 3 -7 =25 —19 -5

9 1 14 16 —18 —-30 —-28 -—12
A= and B=

31 26 22 8 —13 =21 —11 =32

15 4 10 29 -20 -2 -6 -24

Thereare N = 2% processors available on a cube-connected SIMD computer Py, Py, ...,
Pg. The processors are arranged in a three-dimensional array as shown in Fig. 7.10(a).
(Notethat this three-dimensional array isin fact asix-dimensional cube with connections
omitted for simplicity.) Each of i, j, k contributes two bits to the binary representation
Fsraryryryry Of theindex r of processor P,: i = rsr,, j = ryr,, and k = r,r,,. Initialy the
matrices A and B are loaded into registers Py, ..., P,5, asshown in Fig. 7.10(b).
Sinceq = 2, step lisiterated twice: oncefor m = 5 and oncefor m = 4. In the first
iteration, all processors whose binary index rsr,r;r,r ry issuch that r = 0 copy their
contents into the processors with binary index rr,ryryrirg (i, rs =1). Thus P, ...,
P, s copy their initial contents into Pj,, ..., P,, respectively,and simultaneously P,
..., P3; copy theirinitial contents (all zeros)into P,g, .. ., Pg;, respectively.In the second
iteration, all processors whose binary index rsr,ryr, r, ro issuch that r, = 0 copy their
contents into the processors with binary index rsryryryr,rg (i€, ¥y, = 1). Thus P, ...,
P, s copy their contentsinto P, ..., P4, respectively, and simultaneously Ps,, ..., P,

copy their new contents (acquired in the previous iteration) into P,g, ..., Py,
respectively. At theend of step 1, the contents of the sixty-four processors are asshown in
Fig. 7.10(c).

Therearetwoiterations of step 2 onefor m = 1and onefor m = 0. During thefirst
iteration all processors with binary index rgr,ryr,r ro such that r, =r, copy the
contents of their A registersinto those of processors with binary index rsr,ryr, 7 re.
Thus, for example, P, and P, copy thecontents of their A registersinto the A registersof
P, and P,, respectively. During the second iteration all processors with binary index
rsraryt,rorgsuch that ro = r, copy the contents of their A registersinto the A registers
of processors with binary index rsr, ryr, ¢, ry. Again, for example, P, and P, copy the
contents of their A registersinto the A registersof P, and P,, respectively. At theend of
this step one element of matrix A has been replicated across each "row" in Fig. 7.10(a).
Step 3 is equivalent except that it replicates one element of matrix B across each
"column." The contents of thesixty-four processors at theend of steps 2 and 3 are shown
in Fig. 7.10(d). In step 4, with all processors operating simultaneously, each processor
computes the product of its A and B registersand stores theresult in its C register. Step 5
consists of two iterations: one for m =4 and one for m = 5. In the first iteration the
contents o the C registers o processor pairs whose binary indices differ in bit r, are
added. Both processors keep the result. The same is done in the second iteration for
processors differingin bit r,. The fina answer, stored in Py, ..., P is shown in Fig.

7.10(e). O
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-944 | -1688| -1282| -1297

-583 | -581 | -449 | -889

-1131{ -2033] -1607] -1363

-887 | -763 | -681 | -1139

(e
Figure 710 Multiplying two matrices using procedure CUBE MATRIX MULTIPLICATION.

7.3.3 CRCW Multiplication

We conclude this section by presenting a parallel agorithm for matrix multi-
plication that is faster and has lower cost than procedure CUBE MATRIX
MULTIPLICATION. The agorithm is designed to run on a CRCW SM SIMD
computer. We assume that write conflicts are resolved as follows; When several
processors attempt to writein the same memory location, the sum of the numbers to
be written is stored in that location. The algorithm is a direct parallelization of
sequential procedure MATRIX MULTIPLICATION. It usesm x n x k processors
tomultiplyanm x nmatrix A by ann x k matrix B. Conceptually the processorsmay
be thought o asbeingarrangedinam x n x k array pattern, each processor having
three indices (i, |, s),where 1 <ig<m, 1 <j < n,and 1 < s < k. Initially matrices A
and B arein shared memory; when the algorithm terminates, their product matrix Cis .
also in shared memory. The agorithm is given as procedure CRCW MATRIX
MULTIPLICATION.

procedure CRCW MATRIX MULTIPLICATION (A, B, C)

fori=1tomdoin paralld
for j = 1tok do in paralle
for s=1tondoin paralld
@ c;+0
(2) Cij‘_ais X bsj
end for
end for
endfor. O

Analysis. Itisclear that procedure CRCW MATRIX MULTIPLICATION
runs in constant time. Since p(n) = n2,

c(n) = p(n) x t(n)
=n? x 0(1)
= 0(n%),
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which matches the running time of sequentia procedure MATRIX MULTI-
PLICATION.

Example 7.6

A CRCW SM SIM D computer with sixty-four processors can multiply the two matrices
A and B of example 7.5 in constant time. All sixty-four products shown in Fig. 7.10(d) are
computed simultaneously and stored (i.e., added) in groups o four in the appropriate
position in C. Thus, for example, P,, P,, P35, and P, compute 17 x (—7), 23 x (—18),
27 x (—13), and 3 x (—20), respectively, and store the results in c,;, yielding
¢ =-94. O

7.4 MATRIX-BY-VECTOR MULTIPLICATION

The problem addressed in this section is that of multiplying anm x n matrix A by an
n X 1 vector U to produce an m x 1 vector ¥, as shown form=3and n=4:

uy

ayy Qg3 Q13 A4 Y1
U

dy; Qyp Q33 dya | X =1V2
Us

a3y Q3y Q33 Qszq V3
Uy

The elements of V are obtained from
vi= Y, a; X u, I<is<m
=1

This of course is a specia case of matrix-by-matrix multiplication. We study it
separately in order to demonstrate the use of two interconnection networks in
performing matrix operations, namely, the linear (or one-dimensional) array and the
tree. In addition, we show how a parallel algorithm for matrix-by-vector multiplica
tion can be used to solve the problem of convolution.

7.4.1 Linear Array Multiplication

Our first algorithm for matrix-by-vector multiplication is designed to run on a linear
array with m processors P,, P,, ..., P,. Processor P;is used to compute element v; of
V. Initialy, v; iszero. Matrix A and vector U arefed to the array, asshown in Fig. 7.11,
for n = 4and m = 3. Each processor P; hasthreeregistersa,u, and v. When P, recelves
two inputs a;; and u;, it

(i) storesa;;inaandu;inu,
(i) multiplies a by u

(iii) adds the result to v;, and

(iv) sendsu;to P,_, unlessi =1.
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841 845 843 84y

855 8y Apg 8y,

v
3 3 43y 83 833 dgy

u

2 Figure 711 Matrix and vector to be
Us multiplied, being fed as input to linear
u, array.

Note that row i of matrix A lags one time unit behind row i + 1for 1<i<m—1

This ensures that a;; meets u; at the right time. The algorithm is given as procedure
LINEAR MV MULTIPLICATION.

procedure LINEAR MV MULTIPLICATION (A, U, V)

for i=1tomdoin parallel
(1) v; <0
(2) while P, receivestwo inputs a and u do
(2.1) v;«v; T (axu)
(2.2)ifi> 1thensendu to P,_,

end if
end while
end for. [

Analysis. Elementa,, takesm +n— 1stepsto reach P,. Since P, isthelast
processor to terminate, this many steps are required to compute the product.
Assuming m < n, procedure LINEAR MV MULTIPLICATION therefore runs in
timet(n) = O(n). Sincem processors are used, the procedure has a cost of O(n?2),which
is optimal in view of the O(n?) steps required to read the input sequentially.

Example 7.7
The behavior of procedure LINEAR MV MULTIPLICATION for

o[ e e[

isillustrated in Fig. 7.12. [
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Figure7.12 Multiplying matrix by vector
using procedure LINEAR MV MULTI-
(©) (d) PLICATION.

7.4.2 Tree Multiplication

As observed in the previous section, matrix-by-vector multiplication requires
m+ n — 1stepsonalinear array. Itis possibleto reduce thistimetom — 1 + logn by
performing the multiplication on atree-connected SIM D computer. The arrangement
isasshown in Fig. 7.13for m = 3and n = 4. The tree has n leaf processors Py, P,, ...,
P,,n — 2 intermediate processors P,+, P,+2,..., P,,_,, and aroot processor P,, _,.
Leaf processor P; storesu; throughout the execution of the algorithm. The matrix A is
fed to the tree row by row, one element per leaf. When leaf processor P; receivesay,, it
computes u; X a; and sends the product to its parent. When intermediate or root
processor P, receivestwo inputsfromitschildren, it adds them and sends the result to
its parent. Eventually v; emergesfrom the root. If the rows of A areinput at the leaves
in consecutive time units, then the elements of V are aso produced as output from the
root in consecutive time units. The algorithm is given as procedure TREE MV
MULTIPLICATION.

procedure TREE MV MULTIPLICATION (A, U, V)

do geps 1 and 2 in parallel
(1) for i =1tondoin parald
forj=1tomdo
(1.1) compute ; x ay;
(1.2) send result to parent
end for
end for



Sec. 7.4 Matrix-by-Vector Multiplication

Figure713 Tree-connected computer for
matrix-by-vector multiplication.

() fori=n+1to2n—1doin parallel
while P; recaives two inputs do
(2.1) compute the sum o the two inputs
(2.2) if i < 2n — 1then send the result to parent
else produce the result as output

end if
end while
end for. O

Analysis. It takeslogn steps after the first row of A has been entered at the
leavesfor v, to emerge from the root. Exactly m — 1 steps later, v,, emerges from the
root. Procedure TREE MV MULTIPLICATION thus requires m — 1 + logn steps
for a cost of Q(n¥) when m <n The procedure is therefore faster than procedure
LINEAR MV MULTIPLICATION while using almost twiceas many processors. It
is cost optimal in view of the R'n?) time required to read the input sequentialy.

Example 7.8

Thebehavior d procedureTREE MV MULTIPLICATION isillustratedin Fig. 7.14 for
the same dataasin example7.7. O

7.4.3 Convolution

We conclude this section by demonstrating one application of matrix-by-vector
multiplication algorithms. Given a sequence of constants {w,, w,, ..., w,} and an
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Figure7.14 Multiplying matrix by vector
using procedure TREE MV MULTI-
PLICATION.

input sequence {x,, X, ..., X,}, it isrequired to compute the output sequence{ y, ¥z,

o) Van—1} defined by

n
Vi = Z Xi—j+1 X W,

=1

I<ig<2n—-1.

This computation, known as convolution, isimportant in digital signal processing. It
can be formulated as a matrix-by-vector multiplication. This is shown for the case

n=3:
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7.5 PROBLEMS

Procedure MESH TRANSPOSE requiresthat the destination (j, i) of each element a;; be
sent along with it during the computation of the transpose of a matrix A. Design an
agorithm for transposing a matrix on @mesh whereiit is not necessary for each element to
carry its new destination aong.

Is the running time of procedure SHUFFL E TRANSPOSE the smallest achievablewhen
transposing a matrix on a shuffle-connected SIMD computer?

Can the transpose d an n x nmatrix be obtained on an interconnection network, other
than the perfect shuffle, in O(log n) time?

Is there an interconnection network capable of simulating procedure EREW
TRANSPOSE in constant time?

Assumethat every processor o an n x n mesh-connected computer contains one element
of each o two n x nmatrices A and B. Usea" distance’ argument to show that, regardless
of input and output considerations, thiscomputer requires€(n) timeto obtain the product
o A and B.

Modify procedure MESH MULTIPLICATION so it can be used in a pipelinefashion to
multiply severa pairs of matrices. By looking at Fig. 7.7, we see that as soon as processor
P(1,1) has multiplied a,, and b, ,, it isfree to receiveinputs from a new pair o matrices.
Onestep later, P(1,2) and P(2, 1) areready, and so on. The only problem iswith the results
aof the previous computation: Provision must be made for ¢;;, once computed, to vacate
P(i, ] ) before the latter becomesinvolved in computing the product of a new matrix pair.
Consider an n x nmesh of processorswith the following additional links: (i) the rightmost
processor in each row isdirectly connected to the leftmost, (ii) the bottommaost processor
in each column is directly connected to the topmost. These additional links are called
wraparound connections. Initially, processor P(i,j) stores elements g; and b; of two
matrices A and B, respectively. Design an algorithm for multiplying A and B on this
architecture so that at the end of the computation, P(i, j ) contains (in addition to a;; and
b;;) element ¢;; of the product matrix C.

Repeat problem 7.7 for the mesh under the same initial conditions but without the
wraparound connections.

Design an algorithm for multiplying two » x » matrices on a mesh with fewer than n?
processors.

Design an agorithm for multiplying two n x n matrices on an n x n mesh d trees
architecture (asdescribed in problem 4.2).

Extend the mesh o trees architecture to three dimensions. Show how the resulting
architecture can be used to multiply two n x n matrices in O(logn) time using n®
processors. Show also that mpairs of n x n matrices can be multiplied in O(m+ 2logn)
steps.

Assume that every processor of a cube-connected computer with n? processors contains
one element of each of two n x nmatrices A and B. Use a "distance" argument to show
that, regardless of the number of steps needed to evaluate sums, this computer requires
Q(log n) time to obtain the product of A and B.

Design an algorithm for multiplying two n x n matrices on a cube with n? processors in
O(n) time.
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Combine procedure CUBE MATRIX MULTIPLICATION and the algorithm in
problem 7.13 to obtain an algorithm for multiplying two n x n matrices on a cube with
n?m processors in O((n/m) + logm) time, wherel < m< n.

Design an algorithm for multiplying two matrices on a perfect shuffle-connected SIM D
computer.

Repeat problem 7.15 for a tree-connected SIMD computer.

It is shown in section 7.3.2 that n processors require Q(logn) steps to add » numbers.
Generalize this bound for the case of k processors, where k < n

Modify procedure CRCW MATRIX MULTIPLICATION to run on an EREW SM
SIMD computer. Can the modified procedure be made to have a cost of O(n®)?

Design an M1 M D algorithm for multiplying two matrices.

Given mn x n matrices A,, A,, ..., A,, design algorithms for two different intercon-
nection networks to compute the product matrix

C=A4, xA x--xA,.

Let w be a primitive nth root of unity, that is, w" = 1 andw' # 1for 1 < i < n The Discrete
Fourier Transform (DFT) of the sequence {a,, a,, ..., a,-} is the sequence {b,, b, ...,
b,—.} where
n-1
bj= Y a X wd for0<gj<n
i=0

Show how the DFT computation can be expressed as a matrix-by-vector product.

The inverse of an nxn matrix A is an nxn matrix A~' such that
AXA'=A4"1x A=1,wherel isan n x n identity matrix whose entries are 1 on the
main diagonal and 0 elsewhere. Design a parallel algorithm for computing theinverse of a
given matrix.

A g-dimensional cube-connected SIM D computer with n = 27 processors Py, P,..., P, _,
is given. Each processor P; holds a datum x;. Show that each of the following
computations can be done in O(logn) time;

(a) Broadcast x4 to Py, Py,...,P,_y.

(b) Replace x, With xo * x; * -+ + x, ;.

(c) Replace x4 with the smallest (or largest) of xg, X1, ...y Xu—1.

An Omega network isa multistage interconnection network with » inputsand » outputs. It
consists of k =logn rows numbered 1, 2, ..., k with n processors per row. The processors
in row i are connected to thoseinrow it1,i=1,2 ..., k-1, by a perfect shuffle
interconnection. Discuss the relationship between the Omega network and a &-
dimensional cube.

7.6 BIBLIOGRAPHICAL REMARKS

A mesh algorithm isdescribed in [Ullman] for computing the transpose of a matrix that, unlike
procedure MESH TRANSPOSE, does not depend directly on the number of processorson the
mesh. Procedure SHUFFL E TRANSPOSE is based on an idea proposed in [Stone 1].

For references to sequential matrix multiplication algorithms with O(n¥) running time,

2 < x < 3,see[Gonnet], [Strassen], and [Wilf]. A lower bound on the number of parallel steps
required to multiply two matricesisderived in [Gentleman]. Letf (k) be the maximum number





